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Abstract. This is a continuation of part I in the series of the papers on La- 
grangian Floer theory on toric manifolds. Using the deformations of Floer 
cohomology by the ambient cycles, which we call bulk deformations, we find a 
continuum of non-displaceable Lagrangian fibers on some compact toric mani- 
folds. We also provide a method of finding all those fibers in arbitrary compact 
toric manifolds, which we call bulk-balanced Lagrangian fibers. 
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1. Introduction 

This is the second of series of papers to study Lagrangian Floer theory on toric 
manifolds. The main purpose of this paper is to explore bulk deformations of 
Lagrangian Floer theory, which we introduced in section 3.8 |F0003j (=section 13 
[FQQ02j ) and draw its applications. In particular, we prove the following Theorems 
ll-H 11.31 We call a Lagrangian submanifold L of a symplectic manifold X non- 
displaceable if ipiL) H i 7^ for any Hamiltonian diffeomorphism ip : X ^ X. 

Theorem 1.1. Let Xk be the k-points blow up ofCP^ with k >2. Then there exists 
a toric Kdhler structure on Xk such that there exist a continuum of non-displaceable 
Lagrangian fibers L{u). 

Moreover they have the following property: Lf : X X is a Hamiltonian 
isotopy such that il>{L{u)) is transversal to L(u) in addition, then 

#(V'(L(u))nL(u))>4. 

Remark 1.2. (1) We state Theorem 11.11 in the case of the blow up of CP^. 
We can construct many similar examples by the same method. 
(2) We will prove Theorem 1 1.1 1 bv proving the existence of b S H'^{Xk] A_|_) and 
y e H{L{u); Aq) such that 

HF({L{u), (fa,y)), {L{u), (b, y)); Aq) = H(T^; Ao). (1.1) 

Here 



Ao = O a,T^^ e A 



Aj > 0, lim \i ^ oo,ai e R) , (1.2) 

i — >oo I 

[R is a field of characteristic 0) and 



A, 




A, >0} (1.3) 



are the universal Novikov ring and its maximal ideal. The left hand side 
of (jl.ip is the Floer cohomology with bulk deformation. See section 3.8 
|F0003| (= section 13 jF0002| ) and section [2] of this paper for its defi- 
nition. 

(3) In a sequel of this series of papers, we will study this example further 
and prove that the universal cover Ham(Xk) of the group of Hamiltonian 
diffeomorphisms allows infinitely many continuous and homogeneous Calabi 
quasi- morphisms (pu ■ Ham{Xk) —>■ M (see [EPj ) such that for any finitely 
many ui,...,un there exists a subgroup = C Ham(Xk) on which 
(ipui , . . . , ipur^) :Z^^R^ is injective. 

In sections 9 and 10 |F0004| . we introduced the notion of leading term equation 
for each Lagrangian fiber L{u) of a toric manifold X. See also section 2] of this pa- 
per. The leading term equation is a system consisting of n-elements of the Laurent 
polynomial ring C[yi, . . . , yn, Vi^, ■ ■ ■ , J/n ^] of n variables. (Here n — dimL(u).) In 
section 10 |F0004| . we proved that if the leading term equation has a solution in 
(C\ {0})" then L{u) has a nontrivial Floer cohomology for some bounding cochain 
y in H^(L{u)] Aq) under certain nondegeneracy conditions. The next theorem says 
that if we consider more general class of Floer cohomology integrating bulk defor- 
mations into its construction, we can remove this nondegeneracy condition. 
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Theorem 1.3. Let X be a compact toric manifold and L{u) its Lagrangian fiber. 
Suppose that the leading term equation of L{u) has a solution in (C \ {0})". 
Then there exists b G H'^{X;A^) and y £ H{L{u); Aq) satisfying 

HF{{L{u), (b,y)), {L{u), (b,y)); Aq) - H{T^; Ao). (1.4) 

We remark that it is proved in jF0004| that there always exists u such that the 
leading term equation of L{u) has a solution in (C \ {0})". 

Corollary 1.4. Let X be a compact toric manifold and L(u) its Lagrangian fiber. 
Suppose that the leading term equation of L{u) has a solution in (C \ {0})". Then 
L{u) is non-displaceable. 

Moreover L{u) has the following property. If ip : X ^ X is a Hamiltonian 
isotopy such that ip{L{u)) is transversal to L{u), then 

#(V(iH)nLH)>2", (1.5) 

where n — dim L{u). 

The converse to Theorem 11.31 also holds. (See Theorem 14.71 ) 
The leading term equation can be easily solved in practice for most of the com- 
pact toric manifolds, which are not necessarily Fano. Theorem 11.31 enables us 
to reduce the problem to locate all L{u) such that there exists a pair (b,j:) € 
H'^{X;A+) X H{L{u); Aq) satisfying (|1.4p to the problem to decide existence of 
nonzero solution of explicitly calculable system of polynomial equations. In [FQ0Q4] 
we provided such a reduction for the case b = 0. If all the solutions of the leading 
term equation are weakly nondegenerate (see Definition 10.2 |F0004| ). Floer co- 
homology with b = seems to provide enough information for the general study of 
non-displacement of Lagrangian fibers. The method employed in this paper works 
for arbitrary compact toric manifolds without nondegeneracy assumption, and the 
calculation is actually simpler. We hope that this method might provide an optimal 
result on the non-displacement of Lagrangian fibers. (See Problems 13. 161 &: 13.201 ) 

Remark 1.5. In |Choj . Cho used Floer cohomology with 'i?-field' to study non- 
displacement of Lagrangian fibers in toric manifolds. 'B-field' which Cho used is 
parameterized by H'^{X; \/—lM^). The bulk deformation we use in this paper is 
parameterized hy b e H*{X] Aq). If we restrict to b € i^^(X;^/^R) our bulk 
deformation by b in this paper coincides with the deformation by a '_B-field' in 

A brief outline of each section of the paper is now in order. In section ^ we 
review construction of the operator q given in section 3.8 |F0003| (=section 13 
[F0002j ) and explain how we use q to deform Floer cohomology. In section [3] we 
provide a more explicit description thereof for the case of compact toric manifolds 
and study its relation to the potential function with bulk, which is the generating 
function defined by the structure constants of q. This section also contains various 
results on the operator q and on the potential function with bulk. These results will 
be used also in sequels of this series of papers. In section SI we explain how we use 
the results of section [3] to study Floer cohomology of Lagrangian fibers of compact 
toric manifolds. Especially wc prove Theorem 11.31 there. Section [5] is devoted to 
the proof of Theorem 11.11 In this section we discuss the case of two points blow 
up of CP'^ in detail. The calculation we perform in this section can be generalized 
to arbitrary compact toric manifolds. In section [5] we describe the results on the 
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moduli space of pseudo-holomorphic discs with boundary on a Lagrangian fiber of 
a general toric manifold, which are basically due to [COj . We use these results 
in the study of the operator q. In section [7] we carry out some calculation of the 
potential function with bulk deformation which is strong enough to locate all the 
Lagrangian fibers with nontrivial Floer cohomology (after bulk deformation). 

In section m we use the Floer cohomology with bulk deformation in the study of 
non-displacement of Lagrangian submanifolds. For this purpose we define the coho- 
mology between a pair of Lagrangian submanifolds L and 'ip{L) for a Hamiltonian 
diffeomorphism -0. We also show that this Floer cohomology of the pair is isomor- 
phic to the Floer cohomology of L itself. This is a standard process one takes to 
use Floer cohomology for the non-displacement problem dating back to Floer [FI] . 
We include bulk deformations and deformations by bounding cochain there. These 
results were previously obtained in [F0003j . However we give rather detailed ac- 
count of these constructions here in order to make this paper as self-contained as 
possible. To avoid too much overlap with that of [F0003J, in this paper we give 
a proof using the de Rham cohomology version here which is different from that 
of [F0003j in which we used the singular cohomology version. In section [9] we 
study the convergence property of potential functions. Namely we prove that the 
potential function is contained in the completion of the ring of Laurent polynomials 
over a Novikov ring with respect to an appropriate non- Archimedean norm. This 
choice of the norm depends on the Kahler structure (or equivalently to the moment 
polytope) . We discuss the natural way to take completion (in section [3|) and show 
that our potential function actually converges in that sense (in section [9]). In sec- 
tion [101 we discuss the relation of Euler vector fields and the potential function. In 
section [Til we slightly enlarge the parameter space of bulk deformations including 
b from i?(X; Aq) not just from H{X]K+). In section [121 we review the construc- 
tion of smooth correspondence in de Rham cohomology using continuous family of 
multisections and integration along fibers via its zero sets. 



We take any field R containing Q. The universal Novikov ring Aq is defined as 
(|1.2|) . where e R. Its ideal A4. is defined as (|1.3|) . 



is the field of fraction of Aq . 

In case we need to specify R we write Ao(i?), A+(i?), K{R). The (non- Archimedean) 
valuation Dt on them are defined by 



Those rings are complete with respect to this norm. 

If C is an i? vector space, we denote by C(Ao) the completion oi C ® Kq with 
respect to the non- Archimedean topology of Aq. In other words its elements are of 
the form 



Notations and conventions 





It induces a non- Archimedean norm 



e °t{x) g^j-^j defines a topology on them. 
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such that a,; e C, X^ < A,+i, > 0, Um.^oo = oo. C(A+), C(A), C(Ao(i?)), 
C(A+(_R)), C(A(i?)) are defined in the same way. 

We denote by {X, lo) the compact toric manifold, with Kahler form lu given. 
TT : X ^ P is the moment map, where P C M". We write the vector space R" 
containing P by Mr. Its dual space is denoted by Nt^. L{u) is a fiber 7r^^(M) where 
u € Int P. We define an R linear isomorphism 

Hi{L{u);R) ^ (1.6) 

as follows. Let / e Hi{L{u):Z). The moment map of the action of 

^ /R mod Hi{L{u);Z) C R)/iJi(L(u); Z) = T" 

is denoted by /z^. /i^ factors thorough P C Mr so that /i^ = ^^"^re /i^ is 

affine. We associate djij-^ iVR to /. This induces p.6[) . 

The boundary 9P is divided into m codimension 1 faces, which we denote by 
diP {i — 1, . . . ,m.) In [F0004) . we defined affine maps £i : A/r R such that 

d,P = {ue Mr I £,{u) = 0}, P = {u e Mr I e,{u) > 0, i = l, . . . ,m}. 

We put Vi — d£i G A'r = R). In fact Vi e Hi{L{u);Z), i.e., t/^ is an integral 

vector. 

We denote by {i = 1, . . . ,n) the coordinates of -ff^(L(u); Aq) with respect to 
the basis e.^ and put yi — e^'. 

2. Bulk deformations of Floer cohomology 
In this section, we review the results of section 3.8 jFOOOSj (=section 13 of 

Let {X, u) be a compact symplectic manifold and L be its Lagrangian subman- 
ifold. We take a finite dimensional graded i?-vector space H of smooth singular 
cycles of X . (Actually we may consider a subcomplcx of the smooth singular chain 
complex of X and consider smooth singular chains. Since consideration of chain 
level arguments is not needed in this paper, we restrict ourselves to the case of cy- 
cles. See |F0003| and a sequel of this series of papers for relevant explanations.) 

We regard an element of as a cochain (cocycle) by identifying a fc-chain with 
a (2n — A:)-cochain where n = dim L. 

In section 3.8 |F0003| (=section 13 of |F0002p we introduced a family of 
operators denoted by 

qp,e,k ■■ Ee{H[2]) ® Bk{H*{L; R)[l]) ^ H*{L; R)[l]. (2.1) 

Explanation of the various notations appearing in (|2.ip is in order. /3 is an element 
of the image of tt2{X, L) H2{X, L; Z). H[2] is the degree shift of _ff by 2 defined 
by {H[2])'^ — H*{L; R)[l] is the degree shift of the cohomology group with 

R coefficient. The notations Ei and Bk are defined as follows. Let C be a graded 
vector space. We put 

BkC ^ C®-y®C . 

k times 

The symmetric group 6k of order fc! acts on BkC by 

cr • (xi (g) • • • (g) Xfc) = (-l)*a;^(i) «) • • • (g) x„(^k), 
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where 

* = ^ deg Xi deg Xj . 

i<j;a(i)>cr{j) 

Ef^C is the set of 6fe-invariant elements of B^C . The map (|2.ip is a Q-hnear map 
of degree 1 — /i(/3) here fi is the Maslov index. 

We next describe the main properties of q/3:^,fc- Let B)^C be as above and put 

oo 

BC = ^BkC. 

(We remark BqC — R.) BC has the structure of coassociative coalgebra with its 
coproduct A : BC BC ® BC defined by 

fe 

A(a;i ® ■ ■ ■ ® Xk) = ^(a^i ® ■ • • ® Xi) ® {xi+i (Xi • • • Xk)- 

i=0 

This induces a coproduct A : EC EC EC with respect to which EC becomes 
a coassociative and graded co commutative. 

We also consider a map A"-i : BC -> (BC)^" or EC {EC)®'"' defined by 

^n-i ^ (A (g) id (g) ■ ■ ■ (g) id) o (A (g) id (g) ■ ■ ■ (g) id) o • • • o A. 

n— 2 n— 3 

For an element x G -BC, it can be expressed as 

A^-^(x) =^x^^i(^---(^x^'^ 

c 

where c runs over some index set depending on x. For an element 

X = xi «) • • • g) Xfc e Bk{H{L] R)[l]) 

we put the shifted degree deg' Xi — deg — 1 and 

deg' x = deg' Xi — deg x — /c. 

(Recall deg Si is the cohomological degree of Xi before shifted.) 

Theorem 2.1. (Theorem 3.8.32 jF0003| = Theorem 13.32 [F0002j ) The oper- 
ators q/3:£.fe have the following properties. 

(1) For each /3 and x G Bk{H{L; R)[l]), y G £'fc(iJ[2]), we have the following: 

0- E E(-l)*1/5i(yc;';x^;i«q^,(y^;2;x^f)«x^f) (2.2) 

;ai+/32=/5cl,C2 

w/iere 

* = deg' x3;i + deg' x^^^ degy^f + degy^;!. 

In (|^.gp and hereafter, we write q^(y;x) in place o/q^.£fe(y;x) «/ y G 
^;,(i/[2]), XG Bfe(ff(L;i?)[l]). 

(2) //I G i;o(i?[2]) andy:e Bk{H{L;R)[l]) then 

q/3;0,fc(l;x) = m;3:fc(x). (2.3) 

iJere m/3;fc is the filtered Aoc structure on H{L; R). 
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(3) Let e = PD{[L]) be the Poincare dual to the fundamental class of L. Let 
Xi e B{H{L;R)[1]) and we put x = xi (g) e (g) X2 E B{H{L; R)[l]). Then 

q/3(y;x)=0 (2.4) 

except the following case. 

qp,il;e(gx) = i-l)^''S''cif,„il;x ® e) ^ x, (2.5) 
where /3o = G H2{X,L;Z) and x e H{L]R)[1] = Bi{H{L; R)[l]). 

Theorem 12.11 is proved in sections 3.8 and 7.4 of jF0003| (= sections 13 and 
32 of |F0002| ). We will recall its proof in section [7] in the case when X is a toric 
manifold, R = M. and L is a Lagrangian fiber of X. 

We next explain how we use the map q to deform filtered structure m on L. 
In this section we use the universal Novikov ring 



Ci e R,Xi> 0, Hi £ Z, hm Xi 



which was introduced in |F000l| . We write Ao,„ot;(-R) in case we need to specify 
R. The ideal Aq^^^ of Ao,„od is the set of all elements X^CiT'*''e"* of Ao,noii such 
that Xi > 0. We put F^Ao^nov — T^Ao^nov It defines a filtration on Ag^nov, under 
which Ao,noD is complete. Ao^nov becomes a graded ring by putting dege — 2, 
degT = 0. 

We choose a basis ia {a = 1, . . . , B) oi H and consider an element 
b-^bAei/(X;A+„„J 

a 

such that dcg ba + dcgfa = 2 for each a. We then define 

m^(:Ei,...,Xfc)= ^e''(^)/2r-n/3/2-q^^,,(b®^; ^,). (2.6) 

Here /i : Tr2{X, L) ^ Z is the Maslov index. 

Lemma 2.2. The family {na^j^Q defines a filtered A^a structure on H{L; Ag^no-u)- 
Proof. We put 

oo 

Then we have 

A(e'') = e'' ® e^ 

Lemma [12] follows from this fact and Theorem O (See Lemma 3.8.39 |F0003| 
=Lemma 13.39 |F0002| for detail.) □ 

Let h e iJ^(i; AJ„q^). We say 6 is a weak hounding cochain of the filtered Aaa 
algebra {H{L; Ao,„od), {iti^}) if it satisfies 

oo 

Y,mUb,...,b)^cPD{[L]) 

k=0 

where PD{[L]) G iJ°(L;Q) is the Poincare dual to the fundamental cycle and 
c e A^^Q^. By a degree counting, we find that degc = 2. 

We denote by A^wcak,dcf(-^; ^onov) ^'^^ of ^he pairs (b, b) of elements b G 
H g) AJ„q,„ of degree 2 and weak bounding cochain b of {H{L; Ao,„oti), {tn^}). 
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We define ^£){b, h) by the equation 

q30(b,6)e = c. 

By definition ^pO(b, h) is an element of P^q of degree i.e., 

«|?D(b,6) e A+ 

where we recall (|1.3p for the definition of A+. 
We call the map 

qJD : 7Wwcak,dcf(i; A^„„„) A+ 
the potential function. We also define the projection 

by 

7r(b,6) = b. 

Let bi = (b,6i),bo = (b,6o) G A^wcak,dof(i; Aj^^^) with 

7r(bi) = b = ^(bo). 

We define an operator 
of degree +1 by 

fci,fco 

Lemma 2.3. 

(jbi,bo „ ^bi,b„)(^) ^ (-«pD(bi) + <pD(bo))ea;. 

Proof. This is an easy consequence of Theorem 12.11 See |F0003) Proposition 
3.7.17 f= [F0002j Proposition 12.17). □ 

Definition 2.4. r [F0003| Definition 3.8.61 = [F0002j Definition 13.61.) For 
a pair of elements bi,bo e Alwoak.dcf(i; Aj„^^) with 7r(bi) = 7r(bo), ^PD(bi) 
*PD(bo), we define 

gf((£,bi),(X,bo);Ao,„o.)= i^(^^b.,bo) - 
This is well defined by Lemma [2.31 



By jF0003| Theorem 6.1.20 (= [ F0002| Theorem 24.24), Floer cohomology is 
of the form 

HF{{L, bi), (i, bo); Ao,„.„) - AS,_ ® J^°."°" . 

We call a the Betti number and Ai the torsion exponent of the Floer cohomology. 

The following is a consequence of Theorems G, J |F0003| (=Theorems G, J 
|F0002j ) combined. (See also section[51) 

Theorem 2.5. Let bi,bo G A^woak.dcf(i; A^^^^) he as in Definition \2.4\ Let 
■0 : X — !■ A" be a Hamiltonian diffeomorphism. We assume tp{L) is transversal to 
L. 

(1) The order of ip{L) H L is not smaller than the Betti number a of the Floer 
cohomology HF{{L, bi), {L, bo); Ao,„od)- 
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(2) Let {Xi} be the torsion exponents of HF{{L, hi), (L, ho)', A.a.nov) and E be 
the Hofer distance of from identity. Let b be the number of Xi which is 
not smaller than E. Then the order ofip{L) r\L is not smaller than a + 2b. 

3. Potential function with bulk 

In this section, we specialize the story of the last section to the case of toric 
fibers, and make the construction of section 3.8 [F0003j (=section 13 |F0002| ) 
explicit in this case. We also generalize the results from section 13 [F0004| and 
the story between Floer cohomology and the potential function to the case with 
bulk deformations. 

Let X be a compact toric manifold and P its moment polytope. Let t: : X ^ P 
be the moment map. For each face (of arbitrary codimension) Pa of P we have a 
complex submanifold Da = 7r~^(Pa) for a = 1, . . . ,B. We enumerate Pa so that 
the first TO Pa's correspond to the to codimension one faces of P. Here we note 
that the complex codimension of Da is equal to the real codimension of Pa. Let A 
be the free abelian group generated by Da- (In this paper we do not consider the 
case when Pa = P.) It is a graded abelian group A = (BeAe with its grading given 
by the (real) dimension of Da. We put D = Tr^^{dP) = UaDa, that is, the toric 
divisor of X. We denote 

A'' {I.) ■.^A2n-k- 

We remark that Ae is nonzero only for even £ and so A^ is nonzero for even k. 
The homomorphism : A2n-k ^ H2n-k{X;'Z,) and the Poincare duality induce a 
surjective homomorphism 

i< : A''{Z) H''{X;Z) 

for k 0. We remark that ii is not injective. For example ^^(Z) = (where m 
is the number of irreducible components of D) and H^{X; Z) — Z™^". In fact we 
have the exact sequence 

H2{X;Z) ^ H2{X,X\D;Z) Hi{X\D;Z) = Z" 0. 

On the other hand, since H2{N{D); dN{D)) = H^'''-^ (N (D)) = H^''-^{D), (where 
N{D) is a regular neighborhood of D in X) we have H2{X,X\ D;Q) = Q" = 

AHQ)*- 

We denote the set of A+-cycles by ^'^(A+) — A'^ A+. The following is a 
generalization of Proposition 4.3 [F0004j . 

Proposition 3.1. We have the canonical inclusion 

A{A+) X H\L{u);A+) ^ M„c^.Kdc^{L{u)) . 

Proposition l3 . 1 1 will be proved in section[7l We remark that the map i\ : A''{Z) 
H^{X; Z) is not injective. Therefore, the gauge equivalence relation (See Definition 
4.3.1 |F0003| = Definition 16.1 |F0002| .) on the left hand side is nontrivial. So 
the right hand side is not A^weak,def(i(M)), the set of gauge equivalence classes of 
the elements of Aiwcak,dcf{L{u)) . 

For b e 0^.^'=(A+)', u e IntP, we define 

^0^{h,b):H\L{u)-K+)^K+ 
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by 

^0"{b, b)^Yl r"^^/'"q/3;£,fc(b®^; b^'^) n [L{u)]. (3.1) 

l3-i,k 

We remark that the summation on right hand side includes the term where £ — 0. 
The term corresponding thereto is 

^T""'^/2^m/3;fc(6®'=) n [L{u)] = 

which is nothing but the potential function in the sense of section 4 [F0004j . 
Namely we have the identity 

'PD"(0,fe) (3.2) 

This function (|3.ip is also a special case of the potential function we discussed in 
section [21 (We will not use the variable e in this section.) 
We put 

b=^Wa[Da], b = y^^XiBj. 

a 

Here e, (i = 1, . . . , n) is a basis of H\L{u);Z). (See Lemma 4.4 }F0004| .'l We 
also put u — (wi, . . . , Un), and yi = e^'. (See the end of section[TJ) We next discuss 
a generalization of Theorem 4.6 |F0004| . 
To state it we need some notations. 

Definition 3.2. A discrete submonoid of R>o is a subset G C IR>o such that 

(1) G is discrete. 

(2) If 31,52 then 51 +52 G G. G G. 

Hereafter we say discrete submonoid in place of discrete submonoid of M>o for 
simplicity. 

For any discrete subset X of R>o there exists a discrete submonoid containing 
it. The discrete submonoid G generated by X is, by definition, the smallest one 
among them. We write G = (X) . 

Compare Condition 3.1.6 |F0003j (= Condition 6.11 |F0002| '). In |F0003j 

we considered G C M>o x 2Z. Since we do not use the grading parameter e we 
consider G C IR.>o in this paper. 

Definition 3.3. Let Ci be an R vector space. We denote by Ci{ Aq) the completion 
of Ci (8) Aq. Let G be a discrete submonoid. 

(1) An clement x of Gi(Ao) is said to be G-gapped if 

x = J2 ^sT' 
gdG 

where Xg d Ci. 

(2) A filtered Aq module homomorphism / : Gi(Ao) G2(Ao) is said to be 
G-gapped if there exists R linear maps /g : Gi — > G2 for 5 e G such that 

/(x) = ^T%(x). 

geG 

Here we extend fg to fg : Gi(Ao) — + G2(Ao) in an obvious way. 
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The G-gappedness of potential functions, of filtered Aoo structures, and etc. can 
be defined in a similar way. 
We define 

G{X) = {{uj n P/2tt I f3 E TT2{X) is realized by a holomorphic sphere}). (3.3) 

Denote by Gbuik the discrete submonoid that is defined in Definition 14.131 It 
contains G{X) as a subset. 
We put 

m 

1=1 

and call it the leading order potential function. 

Theorem 3.4. Let X be an arbitrary compact toric manifold and L{u) as above 
and b G ^(A_|_) a Gbuik gapped element. Then there exist c„ G Q, e Z>0) 
Per G Gbuik o-nd pc > 0, such that > and 

q3D"(b; b) - ^D^{b) = ^-yi"'' • ■ • yn"'"r^-^"^+''' (3.5) 

cr=l 

where 

m m 

1=1 i=l 

// there are infinitely many non-zero Ca 's, we have 

lim prr — oo. (3.7) 

a — >oo 

Theorem 13.41 is proved in section [71 p.7p slightly improves the corresponding 
statement in Theorem 4.6 |F0U04| . 

We regard *pD" as a function of Wi and yt and write *pD"(wi, . . . , w^; yi, . . . , y„). 
(Here B = J2k rank^*^.) Then Theorem l3.4l especially p.7p . implies the following: 

Lemma 3.5. The potential function 

VO'^iwi, ...,WB;yi,...,yn): (A+)^ x (1 + A+)" ^ Aq 

is extended to a function : (A_|_)^ x (Ao)" — > Aq. 

We remark that 1 + A+ is the set of elements 1 + a; G Aq with x E A_|_. It 
coincides with the image of exp : A_|_ Aq. We denote the extension by the same 
symbol 

Actually, we can extend the domain of the potential function to the union 

((Ao)^x(Ao\A+))U((A+)^x(Ao)"). 

Let wi, . . . , Wrn be the parameters corresponding to . {m is the number of irre- 
ducible components.) We put VOi = e™* and consider the ring 

Ao[tt)i,. . . ,tt),„,rt3];\. . . ,tt)„\-u;,„+i, . . .,WB,yi,yi^, ■ ■ .,y„,y~^]. (3.8) 

We take its completion with respect to the norm induced by the non- Archimedean 
norm of Aq and denote it by 

Ao({n),W-\w,y,y-^)). 
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In other words, its element is an infinite sum 

Ei^'^k.l ^f^k,m e-k,m + l &k,B fk,l fk,-n 

flfctri' ■■■nim' w^+i ■■■Wg' ■ •••?/„• 

k 

where ek,i €Z {i <m), ek,i e Z>o {i > m), fk,i G Z, at G Aq and 

lim Vridk) — oo. 

k — 'OO 

The ring (|3.8p is called a strictly convergent power series ring. See [BGRj . We have 

^D^ eAo{{n>,ro~\w,y,y-^)). (3.9) 
In particular, p.9p implies that the potential function 

(roi, . . . ,txi„i,WTO+i, . . .,WB,yi, •■•,?/«) 

1-^ *PD(ttli, . . . ,XVm,Wm+l, ■ ■ . ,WB,yi,- ■ ■ , 2/n) 

is defined on (Aq \ A+)™ x (Ao)-^-" x (Aq \ A+)". 

We can further improve (|3.9p to Theorem 13.111 To make the precise statement 
on this we need some preparation. 

First recall that P is convex and so IntP is contractible. Therefore we have a 
r"-bundle isomorphism 

* : 7r-i(IntP) 955 T" x IntP. 

For example we can construct such an isomorphism by first picking a reference point 
Mref and identifying a fiber 7r~^('Uref) = L(urci) with T" and then using the parallel 
transport with respect to the natural affine connection associated the Lagrangian 
smooth fibration 7r~^(IntP) IntP. (See jWj, [Dm].) Then ^ induces a natural 
isomorphism 

^„ := i^U-^u))* ■■ i/^(r";Z) ^ H\L{u)-Z). 
Now we choose a basis {ei} of _ff^(T";Z) and Xi for i = 1, . . . ,n the associated 
coordinates. We then denote yi = e^'. We note that {ei} and Xi (and so yi) depend 
only on T". Using the isomorphism ifju we can push-forward them to H^{L{u); Z) 
which are nothing but the coordinates associated to the basis 

{V'n(ej)}l<i<„ 

of H^{L{u);Z) mentioned in the end of section[TJ 
We denote the variable 

2/,(u) = T-^^y, o (3.10) 

and consider the ring 

A[tt3i, . . . . .,WB,yi{u), . . . ,y„(M)"^]. 

By definition we have a ring isomorphism, again denoted by 

i^u : A[w,tv'\ w,y,y~^] ^ A[w,tv-\ w,y{u),y{u)-^]; y, ^ T'''y^{u). 
Furthermore by definition, we have a ring isomorphism 

■)/'«',« : A[ft)i, . . . ,tr~\mm+i, . . ■,WB,yi{u), . . . ,y„(M)~^] 

A[tDi, . . . ,tr;;\mm+i, . . . ,u'B,j/i(u'),. . . ,?;„(m')"^] 
given by tAm',!! = V'u' ° V-'m "'^ or more explicitly by 

ipu' ,uiyi{u)) = r"*~"'yj(u') 
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for any two it, u' G IntP. (Compare this discussion with the one right after Remark 
6.14 ; F0004) .) Clearly V^u'-.u' 

Now we define a family of valuations 0^ parameterized by u £ Int P on the ring 
A[tTi, tt)~^, w, by the formula 



0^ [Y^dk^T' 

\ k 



™m '"m+1 "'S i/l i/n 



(3.11) 



inf{OT(afc) + {fk,u) I flfc ^ 0}. 

A: 



We note that by definition we have 

Ot(2/0 = (3.12) 
We remark that 0^ is independent of the choice of the basis {si} of H^{T"-; Z). 

Definition 3.6. We define a function 

D^(x) = inf{0^(x) I u e IntP} 

on the ring A[xv,n>~^,w,y,y^^] which defines a non-Archimedean valuation. We 
denote its completion by A^((txi, tr^^, w, y, y~^))- We put 

A^{{ro,n>-\w,y,y'^)) ^ {x e {{n),ro-\w,y,y-^)) I D^(a;) > 0}. 

Define the variable 

z,(u)=r^^(")j/i(wr-i---y„(u)"- 

for j ~ 1, . . . ,m. 

The following lemma follows from the definition (I3.10p of yi{u). 

Lemma 3.7. The expression 

Zj{u) o e A((y,?/~^)) 

is independent of u £ IntP. We denote this common variable by Zj. Furthermore 
we have 

x>Uzj)=ij{u). (3.13) 
In particular Zj lies in Aq {{y , y~^)) which is defined similarly as Aq {{n},Xo~^ ,w,y,y^^)) . 

Proof. From p.lOp . we have yi{u) o = T^'^^y^. Therefore we have 

n 

iViinp^' ■ • •2/„(u)"-") o Vn = T-^-^'^^Yly^;^- 

i=l 

for j = 1, ■ ■ ■ ,m. Recalling £j{u) — {vj, u) — Aj, we obtain 

n 

z,{u) o ^„ = r^^(")(yi(u)"-^ • ■■yniuY--) o ^Pu = T-^^Yly^;^'' 



i=l 



which shows that that Zj{u) o ipu is independent of u. 
We evaluate 



o^(z,(u) o ^„) = o« (T-^^- n y?'') = - A, + E ".^■.^"T(yO 
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where we use p.l2p for the third equahty and the definition of ij for the last. 
Finally since £j{u) > for all u e IntP and so ti|^(zj) > 0, Zj e Aq ({y,y^^)) by 
definition. This finishes the proof. □ 

Remark 3.8. We note that the variables Zj, j ~ 1, . . . ,m depend on Xj's (i.e. on 
the polytope P) and the vectors {wj}j=i,....m- Recall the latter is the set of one 
dimensional generators of the fan S associated to the toric manifold X = X^, which 
determines the complex structure on X. On the other hand the moment polytope 
P is determined by the symplectic structure of X. In other words, the variables 
depend on both complex structure and symplectic structure. 

We consider formal power series of the form 

oc 

afctDi ■■■rOm ■■■Wg- Z-y - ■■■Zra , (3.14) 

k=\ 

with the conditions 

Ofc e Aq, lim OT(afc) = oo, 

k — *oo 



i < m, 
i > m, 



Lemma 3.9. Any formal power series of the form l\3.14^ is an element of the ring 
A^((tt),ti3-i,t(;,2/,y-i)). 

Conversely any element o/ A^((rD, tr^^, w, y^^)) can be written in the form of 

Proof. Suppose that a monomial 

e = a • • • ■■■w'jfy('--- yt 

satisfies ti^(C) > for all u e IntP. We have the valuation 

0^(0 = 0t (a) + (/,«). 

Consider 

c = inf{(/,u) I uG IntP}. (3.15) 
Since P is a convex polytope, we can take a vertex of P such that 

(/,^.°)=c. 

There exist n faces dj-P, i = 1. . . . ,n such that 

71 

{u'}^f]d,,P (3.16) 

1=1 

Since X is a smooth toric manifold, the corresponding fan is regular and so Wj. 
i = 1, . . . ,n forms a Z-basis of M. (See section 2.1 |Ful| . for example.) Therefore 
we have 



i=l 
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for some bi £ Z. We choose ifj: e N — M* such that 



if « = fc, 
otherwise. 



Then, for any u € Int P, we have 

n 

k=l 

with Ci{u) > for all i. And at least one Ci{u) ^ as u approaches [J^^i 9j-P. By 
definition of c and vP, we also have (/, w) > {f,u^). In other words, we have 

{f,u-u^)>0 (3.17) 

for all u e Int P. It follows that bi > for all i: Note that we have 

{f,u- u°) Ck{u)bk 

as we let u e IntP approach to a point Hr^^jt '^ji-P \ {^^"}- In f^ct u e 9jiP is 
equivalent to Cj{u) = 0. 

Therefore if &fe < for some k = 1, . . . , n, we would have Ck{u)bk < and so 
(/, u — u'^) < for such u, a contradiction to p.l7p . 

And we can express 

e = ar</^«">n,^ • • • ^t^w:^:^ ■ ■ ■ w%-z]i ■ ■ ■ ■. 

Here we use the facts that Zi{u) — r^'(")yi(u)"''i • • Zi{u) o = Zi do 

not depend on u and £j- (m") = by p.l6p . We have 

OT(aT<^'"">) - OT(a) + (/, u°) = Vria) + c. 
If 0^(0 > for aU u £ IntP, then 

VriaT'^^' = OT(a) + c inf 0^(0 > 0. 

tiGlntP 

Therefore ^ is of the form (|3.14p . 
For the converse, we first obtain 

0^(att,r • • • ---w^-zt--- zt) = i>T{a) + ^ £,{u)f, 

from ()3.13p . Since a e Aq, /j > and ^j(u) > for aU u e IntP, Or (a) + 
X^Jli ("")/;■ — lo'^ ^ IntP and so 

t,^{arvl^ ■ ■ ■ ^:-wl:^l ■ ■ ■ w%-zi^ ■■■zt)> 0. 
This proves the converse and hence the proof of the lemma. □ 

Remark 3.10. (1) We remark that the representation p.l4p of an element 
X G Af ((fD, tr^^, w, y, y^^)) is not unique. The non-uniqueness is due to the 
fact that Zi's in A^((tt), ir^^, w, y, y~^)) satisfy the quantum Stanlcy-Rcisner 
relation. (See Proposition 6.7 |F0004| .') 

(2) The proof of Lemma 13.91 implies the following: A monomial of the form 
p.l4p is a monomial in A^((rD, tr^^, w, ?/, y"-^)) and vice versa. 

(3) The discussion above shows that the moment polytope P is closely related 
to the Berkovich spectrum [Ber] . |KS| of Aq {{n),ni~^ ,w,y,y~^)) . 
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Now we can state the following theorem whose proof will be postponed until 
section [9l 

Theorem 3.11. Let u e IntP. 

(1) The function '^Q^ oil) is independent of u . We denote the common function 
by *PD. 

(2) CpD lies in A^((rD,lt)~\u;,y,?/~^)) as a function on A{t^+) x i?i(T; Ao). 

Now we can generalize the result of section 4 |F0004) as follows. Using Lemma 
13.51 and the idea of Cho (see section 12 |F0004| ) we can define Floer cohomology 

i/^^((i(u),b,r),(LH,b,y);Ao) 

for any (b,j:) G ^(Aq) x H^{L{u)\Kq) = (Aq)^ x (Aq)". See sections [5] (the case 
b G A+) and [TT] (the case b € Aq)). The following is the generalization of Theorem 
4.10 |F0004j . 

Theorem 3.12. Let (b,y) € (Aq)^ x (Aq)". We assume 

^(b,y) = (3.18) 

for i = 1, . . . , 71. Then we have 

i/F((L(7io),b,y),(L(7io),b,y);Ao)^F(T";Ao). (3.19) 

// we assume 

-(b,y)EEO modT^ (3.20) 



dxi 

then we have 

HF{{L{u^), b, y), (L(uo), b, ?); Aq/T^) ^ //(T"; Ao/T^). (3.21) 

Theorem 13. 121 will be proved in sections [8l and [TTl We next define: 

Definition 3.13. Let L{u) be a Lagrangian fiber of a compact toric manifold 
(X, w). We say that L{u) is hulk-balanced if there exist sequences Wi, Pi, bi, y^, A/i, 
and Ui with the following properties. 

(1) [X^LiJi) is a sequence of toric manifolds such that limi^oo — 

(2) Pi is a moment polytope of [X,LOi). It converges to the moment polytope 
P of [X,uj). 

(3) Mi £ Pi and limi^oo = u. 

(4) b, e ^(A+(C)), u e H\Liu,);AoiC)), M G «+• 
(5) 

ffF((L(M,),b„yO,((i(«0,fa.,?0;Ao(C)/T^O = ^(7^";Ao(C)/r^O- 
(6) limi^oo M = oo. 

Remark 3.14. (1) Definition [3?T3l is related to Definitions 4.11 [F0004j . Namely 
it is easy to see that 

"Strongly balanced" ^ "balanced"^ "bulk-balanced" 

On the other hand the three notions are all different. (See Example 10.17 
jF0004] and section [5] of the present paper.) 
(2) We can generalize Theorem 13.121 to the case b G ^(Ao(C)) in place of 
b € A{A+{C)). See section [HI 
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The next result is a generalization of Proposition 4.12 |F0004j which will be 
proved in section [H 

Proposition 3.15. Suppose that L{u) d X is bulk-balanced. Then L{u) is non- 
displaceable. 

Moreover if ip : X X is a Hamiltonian diffeomorphism such that tp{L{u)) is 
transversal to L{u), then 

#(V'(i(w))nL(w)) > 2". (3.22) 

It seems reasonable to expect the following converse to this proposition. 

Problem 3.16. Are all the non-displaceable fibers L{u) of a compact toric manifold 
bulk-balanced? 

The next definition is related to Definition 5.10 |F0004| . 

Definition 3.17. Let L{u) be a Lagrangian fiber of a compact toric manifold 

{X,Lo). The bulk ''^O -threshold, € {L{u)) is iirAf where Af is the supremum of 
the numbers Mi such that there exist LOi, Pi, b^, y^, and Ui satisfying Definition l3.13l 
(1) - (5). 

Remark 3.18. In Definition 5.10 |F0004| we defined two closely related numbers 
It is easy to see 

€(L(w)) < €(L(u)) < 't"^^{L{u)). (3.23) 

The equalities in ([X^ do not hold in general. (See Example 10.17 [F0004| and 
section O) 

We recall that the displacement energy e{L) of a Lagrangian submanifold L C X 
is the infimum of the Hofer distance dist{il}, id) between the identity map id and 
■0, taken over all Hamiltonian diffeomorphisms ijj with V'(i) H L = 0. (See [H] and 
Definition 5.9 [F0004j .) 

We will prove the following in section [H 

Theorem 3.19. 

e{L)>t'"^^{L{u)). (3.24) 
It would be interesting to see if the following holds: 
Problem 3.20. Does the equality hold in (|3?24| ? 

4. Elimination of higher order terms by bulk deformations 

The purpose of this section is to apply the result of the last section to locate 
bulk-balanced Lagrangian fibers. We first recall the notion of leading term equa- 
tion. We denote by Ao{{y,y~^)) the completion of the Laurent polynomial ring 
Ao[yi,y^ , . . . , yn, yn^] with respect to the non- Archimedean norm. For each fixed 
b e .4(A+) and u, we have 

q2D"(b;2/i,...,2/„)G Ao((2/,2/-i)). 

We also put 

<PDi:(2/i,...,y„)=*pD"(b;2/i,...,y„) 
and regard as an element of Ao{{y, y~^))- 

Henceforth we write for y'^^ ■ ■ ■ y^^ with v ~ (ui, . . . , u„). 
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Let Vi = dii = . . . , Wi,n) € Hi{L{u);Z) = = Nz (i = 1, . . . , m) as in the 
end of section [TJ We define Si £ E+ by Si < Si+i and 

{Si\l = l,2,...,C} = {£,iu) I z - 1, 2, ... , m}. (4.1) 

We re-enumerate the set {vk | Afc = 5;} as 

{vi,i, - ■ ■ ,Vl^a{l)}- (4.2) 

Let A-^- C iVR = R" be the R- vector space generated by vi'^r for I' < I, r = 
1, . . . ,a{l'). We remark that A/- is defined over Q. Namely A^- n Q" generates 
as an R vector space. Denote by K the smallest integer I such that A/- = Ng^. We 
put = dimA/- - dimA;-'i^, = dimAf . 

We remark 

I ? = 1, . . . , r = 1, . . . , a(0} C {t/i I i = 1, . . . , m}. 

Henceforth we assume I < K whenever we write vi^r- For each (Z, r) we define the 
integer r) G {1, . . . , m} by 

VLr =Vi[l,r)- (4-3) 

Renumbering u^, if necessary, we can enumerate them so that 
{w, I i = l,...,m} 

= |? = l,...,X,r = l,...,a(0}U{t/, |^ = /C + l,...,m} ^ ' ^ 

for some 1 < K. < ra with /C = X^fci 

Recall we have chosen a basis of H^{L{u); Z) in the end of section [T] It can 
be identified with a basis of Mr = H^{L{u); R). Denote its dual basis on Nm by e*. 

We choose a basis e;*^ of Ng^ such that e| j^, . . . , e^^^^-j forms a Q-basis of A-^ and 
that each of Vi lies in 0^ ^ Ze^ ^ . 

We put 

K d(l) 
1 = 1 s=l 

(Here a(;,s);i S Z since generates H'^{L{u); Z).) Regarding e* and e*^ as functions 
on Mr, this equation can be written as 

K d{l) 

Xi ^^^ai.^l^s)Xl^s 

1 = 1 s=l 

with Xi = e* and xi_s — ^. If we associate yi,s — e^''% it is contained in a finite 
field extension of Q[yi, ?/f ^, . . . , Um Vn^] ^^'^ satisfies 

K d{l) 

y^ = X\X{^r'- (4-5) 

1=1 s=l 

We put Vl,r = {Vl^r-l, ■ ■ ■ ,fi,r;n) G Z"- 

Lemma 4.1. The product 

zs a monomial of yii^s for I' <l, s < d{V). 



LAGRANGIAN FLOER THEORY ON COMPACT TORIC MANIFOLDS II 



19 



Proof. By the definition of Aj-, vi^r is an element of A-^- and so 



l'<Ls<d{l') 



for some integer ci^r-i'.s- Therefore 

l'<l,s<d{l') 

and the lemma follows. □ 



We put 



a(l) 

V/-. (4.6) 



By Lemma [4.11 can be written as a Laurent polynomial of yir,s for I' < I, 

s < d(l') with its coefficients are scalars i.e., elements of R. 
Now we consider the equation 

»^^o («) 

dyk 

with k = l,...,n for yk from Aq. By changing the coordinates to yi^s (J — 
1, . . . , if, s = 1, . . . , d{l)), ((4Jl) becomes 

.,,..f2i = 0. ,4.8) 

(We recall that Vk^^ is the logarithmic derivative.) Note a(i,s);i G Z implies 

Q[2/i,yr\ • ■ • ,yn,2;;r^] c Q[yi,i,?/i"i[, . . ■ ,yKA{K),yK\K)\- 

Lemma 4.2. T/ie equation l \4-^i has a solution with yi^s from Ao(i?) \ A_|_(i?) i/ 
and only if ( |/^. 7p /las a solution with yk € Ao(i?) \ A+(i?). 

// i? is algebraically closed, then the ratio between the numbers of solutions 
counted with multiplicity is equal to the degree of field extension 

i.i> yZi. yK,d{K),yK]d{K)^ ■ y^^ ■■■,yn, y^^] 

Proof. This is obvious from the form of the change of coordinate (j4.5p . □ 

Definition 4.3. The leading term equation of (|4.7p or of (|4.8p is the system of 
equations 

^=0 (4.9) 
with yi^, from i?\ {0} for / = 1, . . . , if, s = 1, . . .,d{l). 



We remark that (|4.7[) or (|4.8[) is an equation for yi, . . . , y„ or yj^s's in Aq respec- 
tively. On the other hand, the equation (|4.9p is one for yi g G R\ {0}. The following 
lemma describes the relation between these two equations. 

Lemma 4.4. Let yi g € Ao(i?) \ A+(i?) be a solution of l\4-S^ - We define yi g € 
i?\{0} by yi^s = Iji.s mod A+(i?). Then yi ^ solves the leading term equation <\4.9\ . 



The proof is easy. (See sections 9, 10 |F0004| .) 

We remark that the discussion above applies to the leading order potential func- 
tion «pDo (See dSH)) without changes. See sections 9, 10 jF0004j . 
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Lemma 4.5. The leading term equation o/*pD"(b, y) is independent o/b G ^(A+). 
Moreover it coincides with the leading term equation of^£>Q. 

Proof. The first half foUows from Theorem 13.41 The second half follows from The- 
orem 4.6 [FOOO^. □ 

We denote by Ao((y**, y^^^)) the completion of Ao[yi,i, y^l, yK,d{K),yK]d(K)\ 
with respect to the non- Archimedean norm. It is a finite field extension of Aq ((y, y~^))- 

Definition 4.6. We say that {X,uj) is rational if c[uj] E H'^{X;<Q) for some c e 
R \ {0}. We say that a Lagrangian submanifold L C X is rational if the subgroup 
{tonPl P e H2iX,L;Z)} C M is isomorphic to Z or {0}. 

We remark that only rational symplectic manifold (X, uj) carries a rational La- 
grangian submanifold L. (In the general situation tt2{X,L) is used sometimes in 
the definition of rationality of L. In our case of toric fibers, they are equivalent.) 

Now we state the main result of this section. 

Theorem 4.7. The following two conditions on u are equivalent to each other: 

(1) The leading term equation o/^Og has a solution yi^s S i?\ {0}. 

(2) There exists b G A{A+(R)) such that has a critical point on {Aq{R) \ 
A+(i?))". 

Corollary 4.8. // the leading term equation of has a solution then L{u) is 

hulk-balanced. 

Proof of Theorem \4.7\ The proof of (2) (1) is a consequence of Lemmata 14.21 
14.41 and 14.51 The rest of this section is devoted to the proof of the converse. 

Let t)i^i, . . . ,t)K.d{K) be a solution of the leading term equation. We remark 
i)i,s € i? \ {0} C Ao(i?) \ A+(i?). We will fix t)i^s during the proof of Theorem l4Jl 
and find b such that t);_s is a critical point of ^D^. We also require b to have the 
form 

K a{l) 

&=I]I]f'i,r.A(i.r) (4.10) 

1 = 1 r=l 

where bi,r G A+. (Here and hereafter in this section we omit R in A+(i?) and etc.) 

Note i{l,r) < m and so degDi(j_ ,.) = 2. In other words, we use b in the second 
cohomology i?^(X; A+) (more precisely b G ^^(A+)) only to prove Theorem 14.71 

We first consider the case when X is Fano. In this case we can calculate 
*PD"(b;2/) explicitly as follows. 

Proposition 4.9. Suppose X is Fano and b is as in \4-l(^ - Then 

K a(l) m 

<PD"(b,2;) = ^^exp(bi,.)r^'y">-)+ ^ T^-H/-. (4.11) 

1=1 r=l i=K+l 

We will prove Proposition 14.91 in section [T] 
We put 

I d(l') K d(l) 
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Lemma 4.10. Iftji^s (z R \ {0} is a solution of the leading term equation, then 

K a(l) 



m 

i=IC+l 

Here y = ^(logr)i)ej and t)j is determined from t)i^s by ( |^.5| 
Proof. Differentiating (|4.1ip . we obtain 

r,fy^,-^u K a(l) / oo \ 

'^^ 1=1' r=l \ h=2 ■ / 



(4.12) 



i=K:+l 

On the other hand, the leading term equation is 

a(l) 
r=l 

Therefore follows. □ 

To highlight the idea of the proof of Theorem 14.71 we first consider the rational 
case. In this case, by rescaling the symplectic form lo to cw by some c G ]R_|_, we 
may assume that w is integral, i.e., 

{wn/3/27r I P e H2{X,L{u)]Z)} e Z. 

It follows that Si,£i{u) e Z. Thus, we can reduce the coefficient rings from the 
universal Novikov rings Aq, A_|_, A to the following rings respectively: 

Ajf* := R[[T]], A^f := TR[[T]], Aj,"* - R[[T]][T-^]. 

Here i?[[r]] is the formal power series ring. 

We also consider the pairs (b,5) only from y4,^(A'p*) x i7^(L(u); Aj,'^*). Under 
these restrictions, the exponents of T appearing in the following discussion always 
become integers. 

Lemma 4.11. Suppose X is Fano and L[u) is rational. We also assume that 
X)i_s G ^\{0} a solution of the leading term equation. Then, for each k,l,r, there 
exists hi^r{k) G A"'' such that the sum 

K a{l) 

Kfc) = E E ^','-(^)A(i,r) 
1=1 r=l 

satisfies the equation 

X)i.s^—{b{k)-i) = Q modT". (4.13) 

for I — 1, . . . , K , s = 1, . . . ,d{l). Here j: ~ ^(logt]i)ei. We also have 

bi^rik + 1) = bi^rik) modT*^--^'. (4.14) 
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Proof. The proof is by an induction over k. If k < Si, we apply Lemma 14.101 to 
b = b{k) = and obtain 

t)i',.^r^(b(fc);y) = modT^^ 
oyi',s 

Hence (|4J3l) holds for k < Si. 

Now suppose k > Si and assume b{k — 1) with the required property. By the 
induction hypothesis we may put 

r)i',s^^ib{k-l);^) = T''Ei,.s modr'=+i, (4.15) 

oyi'.s 

for some E^^s e R. Let E = J2 Ei',sel, , e Nr = N (g>z R- 

Sublemma 4.12. E is contained in the vector space generated by {e^*^ | Si < 
k, s = l,...,d{l)}. 

Proof. This is a consequence of (|4.12l) . □ 
By Sublemma [333 we can express E as 

^ Ci,,t)"-('-)i;,(,,,) (4.16) 

Si<k 

for some ci^r G R- Note Vi(^i,r), I lo, r < a[l) span the vector space 
= spanj^{ej% \ l<la, s = 1, . . . , d{l)}. 

We define b/_r(fc) by 

fa;,r(A:) = biAk - 1) + Q,.(<'('-' )-1T^-^' 
Since /c — S*; > it follows k — Si E Z_|_ by the integrality hypothesis of lu. Namely 
bi^r{k) e A'p*. Therefore Lemma [UTOl (li^TSl) and (|4T6)) imply (|4T3| . This finishes 
the induction steps and so the proof of Lemma 14.111 is complete. □ 

Now we consider 

b — lim b{k). 

k — >oo 

The right hand side converges by (|4.14p and so b is well-defined as an element of 
A{A^^*-) and satisfies 

as required. Thus Theorem 14.71 is proved for the case where X is Fano and L{u) is 
rational. 

We now turn to the case where X is not necessarily Fano or L{u) not necessarily 
rational. We will still use an induction argument but we need to carefully choose 
the discrete submonoids of R to carry out the induction argument. 

Let GiX) be as in We define: 

G{L{u)) = 

(4.17) 

({Li;[/3]/27r | /3 G n2{X, L{u)) is realized by a holomorphic disc}). 

Definition 4.13. Let G{X) be as in (|3.3p . We define Gbuik to be the discrete 
submonoid of M generated by G{X) and the subset 

{A - S*, I A e G{L{u)), l^l,...,K,X> Si} (lR+ CR. 
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We remark that Gbuik 3 G{L{u)). 
Condition 4.14. We consider 

K a(l) 

b - E E e A^{K+{R)) (4.18) 

1 = 1 r=l 

such that aU bi^r are Gbuik-gapped. 

The main geometric input to the proof of the non-Fano case of Theorem 14.71 is 
the foUowing. 

Proposition 4.15. We assume b satisfies Condition \4. 14\ consider 

b' = b + cT^A(i,r), (4.19) 
with c £ R, X € Gbuikj I < K . Then we have 
^PD"(b';y)-'PD"(b;y) 

OO 

^2 (4.20) 

OO 

h=l a- 

Here Ch,Ch,a ^ R, pa ^ Gbuik. Moreover there exists e\ e Z>o such that Va — 
E ei,v^, C = E eli^ and > 0. 

We prove Proposition 14.151 in section [71 

Definition 4.16. We enumerate elements of Gbuik so that 

Gbuik = {A5 h' = 0,1,2,...} 

where = < < A| < • • • . 

(1) For fc > 1, we define A^''""' y^^^))^ to be a subspace of ^o{{y**,y^J')) 
consisting of elements of the form 

K OO 

J2J2^^''~^'P^Ayi,i,yil ■ ■ ■^yi,dii),yr,dii)^ (4.2i) 
1=1 j=k 

where each Pj i is a Laurent polynomial of yi^i, . . . ,yi^d{i) with R coeffi- 
cients, i.e., 

P],i e R[yiA,yll, ■ ■ ■,yLd{i).yi}(i)]- 

We put A^--((2/**,2/*-*'))o := h.'^^-^H{y**.yZ*)) ■ 

(2) We define N^^'''^{k) to be the set of elements of the form 

K d(l) OO 
1=1 s=l j=k 

from Nfj Aq with q.s j- G R. 
Lemma 4.17. Ifb satisfies Condition IJJ^ then G A[f''"*((j/,,, j/;"^^)). 
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Proof. This will follow from Theorem[331 It is easy to see ^Oq € A[f''""'((?;*,, y-/)) 
from the definitions of and Gbuik- So it suffices to show that the right hand side 
of ([331) in TheoremlSHhes in A^""'" ((y*,, y^*^)). We consider a term c„y^^'r'^^(")+^- 
thereof. Let v'^ ~ ^a^i ^ p.6p . We put 

lo = sup{/ I 3r ef --^ ^ 0}. 

Then 

CaV^' e R[yi^i,yll . . ■ ,ylo,d{lo),y^,^d{lo)^■ 
Oll the other hand 

because ej^ > and J2i > and e^^'"''^-' ^ for some r. Therefore 

£'^{u) - S'lo G Gbuik 
and so e'^{u) + = Sig + {i'„{u) - Si^) + p„ £ Gbuik- This imphes 

as required. □ 

We now state the following lemma: 

Lemma 4.18. //^ lies in A.^'"'^^^{{y**,y^J'))k for some k e Z>o, so does for 
the same k and so 

E E e A^]?--(fc) (4.22) 

/or c - (ci^i,- •• ,C;f,d(K))e (i?\{0})". 

Proof. By the form ()4.2ip of the elements from A[^''""'((j/,,, ?/^^^))fe, the first state- 
ment immediately follows. Then the last statement follows from the definition of 
iV^'-"<(fc). □ 

Proposition 4.19. There exists a sequence 

K a(l) 

Hk)^Y.T.^'Ak)D^(i,r) (4.23) 

1 = 1 r=l 

that satisfies Condition^jA^ and 

K din d^O^(k) r 

E E ^i'^s^^-^{t))et,^^ e 7V^--(fc). (4.24) 

Moreover 

b(A: + 1) - b(fc) = modT^^Ao. (4.25) 

Proof. We prove this by induction over k. The case fc = follows from Lemma 
WM (b(0) = 0.) 

Suppose we have found b(fc) as in the proposition. Then we have 

K d(l') «(r>5-)" K d(l) 
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for some ci^s,k € -R- 

Since {wi(i',r) I ^' < ^} spans for alil < K by definition, we can find ai^r,k G R 
such that 

d{l) a{l) 

s— 1 r— 1 

Tfierefore by definition of N^'"'"'{k) we liave 

K d{l) K a{l) 

1=1 s=l 1=1 r=l 



Thus 



K d(l') 



We now put 



l' = l s=l 
K a{l) 

= Y.Y. ai,r.feT^'+^^^,(i,,) mod 7Vf-'>'(fc + 1) 

1=1 r=l 



(4.26) 



Lemma 4.20. Let b(fc) 6e as m t/ie induction hypothesis above. If X ^ A^., then 
the second and the third terms of are contained in A^^^^'^{{y^,^,,y^^))k+i- 

Proof. We first consider 

^^j^h\l+e,^t,,^iu)yv,(,,,~, (-4 27) 

which is in the second term of (|4.20p . {h > 2.) We remark that 

c^y".(i.^) e . . . ,y^,d(^),2;^7](^)]• 

On the other hand, 

h\i+£,^i^r)iu)-Si^hXl 

is contained in Gbuik and so must be equal to A^., for some k' > k since h > 2. 
Therefore (|4.27|) is contained in A[^''""' y^/))^:^!, as required. 
We next consider 

c/i,^r''^'^+^"^"^+''''/" (4.28) 

which is in the third term of (|4.20p . {h > 1.) We have Va — J2 ^a'^i^ C = S ^a^i- 
We put 

lo = sup{; I 3r ef --^ ^ 0}. 

Then 

ch.av'''' e R[yi,i,y^}, . . . ,yia,d(io),yro4iio)]- 
On the other hand, since 

i 

it follows that 

C(u)+p,-5,„ e Gbuik\{0}. 

Therefore 
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and so equal to A^., for some k' > k. Hence (|4.28|) is contained in A^''""' , y~J-))k+i, 
as required. 

The proof of Lemma 14.201 is complete. □ 

Then Proposition [iTT5l ([i?^ . Lemma WJE\ and Lemma imply that ([iTM)) 
is satisfied for k + 1. The proof of Proposition 14. 191 is complete. □ 



Now we are ready to complete the proof of Theorem 14.71 By (|4.25p 
converges. Then (|4.24p implies 



lim b(k) = b 

k — *oo 



dyts 

as required. □ 



We next show that the proof of Theorem 14.71 also provides a way to calculate 
bulk *pD-threshold (£ {L{u)) from the leading term equation. 

Theorem 4.21. The following two conditions for M are equivalent to each other. 

(1) There exists (b,6) G .4(A+) x H^{L{u);Kq) such that 

HF{iL{uo), b, y), (L(uo), b, ?); Ao/T^) = Ao/T^). (4.29) 

(2) We put Iq = max{Z | Si < TV}. Then there exist e R \ {0} for I < Iq, 
j — I, ■ ■ ■ , d{l) which solve the leading term equation for I < Iq. 

Corollary 4.22. If the statement (2) of Theorem [77g7] holds then€^''^^{L{u)) > 
27r7V. 

Proof of Theorem \4.21\ The proof of (1) (2) is similar to one in Theorem 14.71 

If (2) is satisfied, we can repeat the proof of Theorem 14.71 up to the order M to 
find b such that (j3.20p is satisfied. Then, (1) follows from Theorem 13. 121 □ 

5. Two POINTS BLOW UP OF CP^: AN EXAMPLE 

Our main example is the two-points blow up X2 of CP'^. We take its Kahler 
form L0a,i3 such that the moment polytope is 

Pa^P = {(Ul, U2) I < Ui < 1, < U2 < 1 - a, /3 < Ul + W2 < 1}. (5.1) 

Here 

(a,^) e A = {(a,/3) I < a,/3, a + /3<l}. (5.2) 

We remark that R+A is the Kahler cone of X2. 

In Example 10.17 |F0004| we studied this example in the case 

^ 1 — a 1 , , 

/3=^-, -<a. (5.3) 

We continue the study this time involving bulk deformations. 
We consider the point 

u =(.,/?), -^(/^'^) = (^'^) 

and compute 

'PD"(0; 2/1,2/2) = T^iy^ + y^') + T^iyi + 2/12/2) + T'~f''^y^'y:,\ (5.5) 
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We note that (|5.4p implies 

(3<u<l-P-u. (5.6) 
Therefore the leading term equation is 

1 - y^^ - 0, 1 + 2/2-0. (5.7) 
Namely {yi, —1) is its solution for any yi. Therefore Theorem 14.71 implies : 

Proposition 5.1. L{u) C {X2,uJa,p) is bulk-balanced if (|5.3p and <\5.4i are satis- 
fied. 

Theorem 11.11 for fc = 2 will then follow from Proposition 13.151 

Proof of Theorem l 1 . 11 The case k — 2 (the two points blow up) is already proved. 
We consider k = S. We blow up (X2,uja.[}) at the fixed point corresponding to 
(1,0) G Pa.f3- Then we have a toric Kahlcr structure on whose moment polytope 
is 

{(m1, U2) G Pa, (3 \ui <1- (}. 

We have 

^5D^(yi, 2/2) = T^{y2 + y2^) + T-{yi + yiys) 

+ T'-P-y^'y2'^T'-^-y^\ ^ ' ^ 

We remark that 

\ — (3 — u < 1 — e — u 
if e is sufficiently small. Therefore the leading term equation at (|5.4p is again (15. 7p . 
Therefore we can apply Theorem 14.71 to show that all L{u) satisfying (|5.4p are 
bulk-balanced. Thus Theorem 1 1.1 1 is proved for fc = 3. 

We can blow up again at the fixed point corresponding to (1 — e, 0). We can 
then prove the case fc = 4. (We remark that this time our toric manifold is not 
Fano. We never used the property X to be Fano in the above discussion.) We can 
continue arbitrary many times to complete the proof of Theorem 11.11 □ 

Below we will examine the effect of bulk deformations more explicitly for the 
example of two points blow up. We consider the divisor 

Di='K-\{{ui,U2)^ P\U2=Q}) 

and let 

b».K = ^«r"[A] e^'(A+). (5.9) 

{w E R \ {0}). By Proposition l4.9[ we have: 

*|?D"(b„,,;2/i,y2) -T^(exp(b^.,)2/2+2/2"') , , 

1 11 (5.10) 

+ r"(yi + 2/12/2) + Ti-'5-"2/r'y2"'- 

We study the equation 

{Ow,k] yi,y2) = {bw,K] yi,y2) = 0. (5.11) 

oyi 02/2 

We put 2/2 = -1 + cT^, 2/1 ~ d, with c, d e Aq \ A+. Taking the inequality (|5.6p 
into account, we obtain 

cT'^ + (f-2/jnl-/3-2ji ^ Q jjjqJ /jimax{/i,l-/3-2ji} 

-2cT'^ + wT" + dT"-'' = mod r"^'^{'^''''"-''>. ^^'^'^^ 
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In the following calculation we take c,d £ R such that c — c, d — d mod A+ . 
(Case 1) ^ = K < u — /3. 

We have c = w/2, ^ = 1 - /3 - 2m. ±^-2/w. u = (1 - /3)/2 - k/2 = (1 + 
a)/4— k/2. It implies 1/3 <u < (l + a)/4. The equation for (c,d) has 2 solutions. 
They are both simple. Hence in the same way as the proof of Theorem 10.4 |F0004) 
(the strongly non-degenerate case) we can show that these two solutions correspond 
to the solutions of (|5.1ip . 

(Case 2) fi = u — P < K. 

We have d — 2c, 1 ~ (3 ~ 2u = ji. Hence u = 1/3. We can show that there are 3 
solutions of (|5.1ip in the same way. 

(Case 3) n ^ u — fi < ^i. 

We have d — —w. Then /i = 1 — /3 — 2u. c — ~w^^. Hence u < 1/3. We can 
show that there is 1 solution of (jS.lip in the same way. 

(Case 4) k — u — /3 ^ fi. 

We have — 2c + w + d = and 1 — (3 — 2u = ji. Hence u = 1/3. k = a/2 — 1/6. 

d^{d + w) + 2 = Q. (5.13) 
This has three simple roots unless 

+ 2 0. (5.14) 
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When K, is small Case 1 and Case 3 occur. There are two fibers with nontrivial 
Floer cohomology (on ^^), that is ((/? + k, /?) and ((1 + Q!)/4 - k/2,/3)). They 
move from (/?,/?), (1 + a)/4,/3) to (1/3, /3). Then, when n ^ a/2 - 1/6, Case 4 
occurs. IfK>Q;/2 — 1/6 then Case 2 occurs and bulk deformation does not change 
the 'secondary' leading term equation (|5.13p . 

It might be interesting to observe that it actually occurs that the 'secondary' 
leading term equation (|5.13p has multiple roots. That is the case where (|5.14p 
is satisfied. (We remark that the example where there is a multiple root for the 
leading term equation was found in f OsTy| .) 

6. Operator q in the toric case 

In this section and the next, we study the moduli space of holomorphic discs and 
its effects on the operator q and on the potential function *pD"(b; yi, . . . , y„). 

Let M e IntP and f3 G i?2(^, i(u); Z). We denote by Ml}^^/L{u), (3) the 
moduli space of stable maps from bordered Riemann surfaces of genus zero with 
fc + 1 boundary marked points and £ interior marked points, in homology class /3. 
(See section 3 }F0001| = subsection 2.1.2 |F0003j .) We require the boundary 
marked points to respect the cyclic order of = dD^. (In other words, we consider 
the main component in the sense of section 3 |F000l| .)) We assume fc > 0. 
Then Mf^^}j,{L{u),l3) is compact. (See subsections 3.8.2 and 7.4.1 [F0003j = 
sections 13.2 and 32.1 |F0002| . for the reason why we need to assume k > for 
compactness.) 

We denote an element of >l™4"i"^(i(M), /3) by 

(S,(^,{z+ I 1 = l,...,£},{z, \i = 0,l,...,k}) 
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where S is a connected genus zero bordered semi-stable curve, : (E, dT,) — > 
(X, L{u)) is a holomorphic map and zf e IntE and Zi e dT,. Let /3) 
be its subset consisting of all maps from a smooth disc. (Namely the stable map 
without disc or sphere bubble.) 

We have the following proposition. Let (3i £ H2{X, L{u); Z) (i = 1, . . . , m) be 
the classes with /i(/3i) — 2 and 



/3^ n D, 



We recall from [C0| that the spin structure of L{u) induced from the torus T" = 
R"/Z" as its orbit is called the standard spin structure. 

Proposition 6.1. (1) If fi{P) < 0, or ^{(3) = 0, /3 7^ 0, then M'^^^f^mu), (3) 
is empty. 

(2) Iffi{l3)^2,f]^f3,,---,f3m, thenMlfi:fHL{u),(3) is empty. 

(3) For i — 1, - ■ ■ ,m, we have 

M~HLiu),P,) = ^^-^(L(^.), A), 

X-r(L(u), A) = MTT'^^'W^)^ A) X C^f(^; D^). 

Here Conf(£; D^) is a compactification of the configuration space: 

{{z+, ...,z+)\ z+ e lntD\z+ ^ z+ for i ^ j} =: Conf(^; D^). 

(See Remark \ 6.2[ } Moreover A^™q'"(L(m), is Fredholm regular. Fur- 
thermore the evaluation map 

ev:M1J''iLiu),P,)^ L{u) 

is an orientation preserving difjeomorphism if we equip L{u) with the stan- 
dard spin structure. 

(4) For any [3, the moduli space /?) is Fredholm regular. More- 
over 

ev-.M^'P'^^mu),!])^ L{u) 

is a submersion. 

(5) If M"]'^"^ {L(u) , [3) is not empty then there exist ki G Z>o and a.j € H2{X; Z) 
such that 

f3 = Y^ + 

i j 

and aj is realized by a holomorphic sphere. There is at least one nonzero 

ki . 

Remark 6.2. We define the compactification of Conf(£; D^) as follows. We con- 
sider X = C, L = . Let (3i be the generator of H2{X\L) which is represented 
by a holomorphic disc. Then, clearly M]^.f{L\ (3i) is identified with Coni{l\D^). 
Hence M.q-^i{L\ [3i) is a compactification of it. We use this compactification for 

Proposition [HT] follows easily from Theorem 11.1 [F0004j which in turn follows 
from [CO] as we explained in section 11 FQ 004| . 

We next discuss Kuranishi structure of A^™_j^™^(L(tt), /?). In sections 17,18 
|F0001| or in section 7.1 |F0008| (=section 29 |FOOO20 . we equipped Mf^'l]t{L{u 
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with a Kuranishi structure. In our toric case, this structure can be chosen to be 
T" equivariant in the foUowing sense: Let {V, E, F, i/;, s) be a Kuranishi chart (see 
section 5 [FO] and section Al [FOOQSJ = section Al }F0002j ). Here F is a 
smooth manifold with an action of a finite group T, E —^ V is a T equivariant 
vector bundle, s its F-equivariant section and i/j : s^^(0)/F — > A^™^']"^(i(u), /3) is a 
homeomorphism onto an open set. Then we have a T" action on V, E which com- 
mutes with F action, such that s is T" equivariant. Moreover ip is T" equivariant. 
Here the T" action is induced by one on X. (We recall that L{u) is T" invariant.) 
The construction of such Kuranishi structure is in Appendix 2 |F0004 j. 

Let {Da \ a — 1, ■ ■ ■ , B} be the basis of A{Z). (Each Da corresponds to a face 
of P.) We note that each of Da is a T" invariant submanifold. Let 

be the evaluation map at the i-th interior marked point, (i = 1, . . . , £.) Namely 

e<*((E,^,{z+},{^J)) = ^(^+)- 

We put B = {!,..., B} and denote the set of all maps p : {!,...,£} B_ hy 
Map{£,B). We write |p| = £ if p e Map{£,B). 
We define a fiber product 

e 

i=l 

Here the right hand side is the set of all ((S, Lp, {z^}, {zi}), (pi, . . . ,pi)) such that 
(S,^,{z+},{z,}) e M'^^[^/L{u),(3), e L»p(,), and that ^{z+) = p,. 
We define 

ez;. :^^'^+t^(L(^i),/3)^L(u) 

by 

ew,((S, ip, {z+}, {zi})) = ifiizi). 

It induces 

in an obvious way. 

Lemma 6.3. A^™^"?^(L(m), /3; p) has a Kuranishi structure such that each Kuran- 
ishi chart is T"' -equivariant and the coordinate change preserves the T" action. 
Moreover the evaluation map 

ev = {evo, e«i, . . . , evk) : MTf.'^ALiu), (3; p) -> L{u)''+^ 

is weakly submersive and -equivariant. Our Kuranishi structure has a tangent 
bundle and is oriented. 

Proof. The fiber product of Kuranishi structures is defined in section Al.2 |F0003| 
(= section Al.2 ^00021 1. Since the maps we used here to define the fiber product 
are all r"-equivariant it follows that the Kuranishi structure on the fiber product 
is r"-equi variant. The orientability is proved in Chapter 8 [F0003| (= Chapter 9 
[F0002j ). The fact that ev is well defined and is weakly submersive is proved in 
section 7.1 |F0003) (=section 29 |FOOO20 also. □ 
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We next describe the boundary of our Kuranishi structure. For the description, 
we need to prepare some notations. We denote the set of shuffles of £ elements by 

ShuS{£) ^ {(Li, L2) I Li U L2 = {1, . . . , £}, Li n L2 = 0}. (6.3) 

We will define a map 

Split : Shuff(^) X Map(^,B) — > [j Map{ei, B) x Mapih, R), (6.4) 

as follows: Let p e Map{e,B) and (Li,L2) G Shuff(£). We put = #(Lj) and 
let ij : {1,. . . ,£j} = hj be the order preserving bijection. We consider the map 
Pj : {1, . . . , £j} B_ defined by Pj(i) = p(ij(i)), and set 

Split((Li,L2),p) (Pi,P2). 
We now define a gluing map, associated to 

below. Here fc = fci + /s2 — 1, ^ = ^i + ^2, /? = /3i + /?2, and i = 1, . . . , fc2. Let 

= ((£(,), ^(,), {4^.)}, {z,,(,)}) e A^',-.7i^,^.(L(u),/3,;p^.) 
i = 1, 2. Wc glue 2q (i) G 9Si with Zj,(2) G (^^2 to obtain 

S — Ei#iS2. 

Suppose (§1,82) is an element of the fiber product in the left hand side of (|6.5p . 
Namely we assume 

V{1){Z0.{1)) = <^(2)(Zi^(2))- 

This defines a holomorphic map 

by putting Lp = ip(^j-j on Sj. 

Let TO G hj. Then ij(c) = m, ij : {!,...,£ j} = Lj be the order preserving 
bijection. We define the m-th interior marked point z™*" of (p as ^J." j) € C S. 
We define the boundary marked points (zq, zi, . . . , Zfe) by 

{zq, Zi,. .. , Zk) = (20,(2), . . . , ^1-1,(2), ^1,(1)' ■ ■ ■ ' Zi+i,(2), . . . , Zfe2,(2)). 

Now we put 

S=((S,^,{z+},{zJ) 

and 

Glue^tS.l;,,„fe(Si,§2)=S. 

Lemma 6.4. T/ie boundary of M'^^™^{L{u), (3]^) is isomorphic to the union of 

the images of Glue^l^'^'^^fc;^^^.^.^^^^^ /or fc = /ci + fc2 - 1, ^ = -^i + ^2, /? = /3i + /32, 
and i = I, ■ ■ ■ , k2 as a space with Kuranishi structure. The isomorphism preserves 
the T" action. 

The isomorphism commutes with the evaluation maps at the boundary marked 
points. 
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The lemma directly follows from our construction of the Kuranishi structure we 
gave in section 7.1 |F0003j (= section 29 |F0002j ). 

Let ©£ be the symmetric group of i elements. It acts on A^™_j''"^(L(m), /?) by 
changing the indices of interior marked points. It also acts on Map{£,B) by cr • p = 
po a~^. Then for e 6^ we have 

a, : Al'^Vl'ML(^i), P; p) ^ MTtUm,f3; ^ • p)- (6.6) 

We next generalize Lemma 11.2 [F0004j to our situation. Let 

forgeto : A^l°+t^(L(7.), /3; p) ^ X5-r(i(u), /3; p) (6.7) 

be the forgetful map which forgets all the boundary marked points except the 0- 
th one. We may choose our Kuranishi structures so that (|6.7|) is compatible with 
forgetg in the same sense as Lemma 7.3.8 |F0003] (= Lemma 31.8 jF0002| ). 

Lemma 6.5. For each given E > 0, there exists a system of multisections 5 f3,k+i,e,p 
on Ml^^'l']^{L{u), P;p) for (3 n lj < E, p e Map{i,B). They have the following 
properties: 

(1) They are transversal to 0. 

(2) They are invariant under the T" action. 

(3) The multisection Sp^k+i.e.p is the pull-back of the multisection Sfj,ij_p by the 
forgetful map 7| ). 

(4) The restriction of 5f3,k+i,e,p to the image o/ Glue^1"^^'^^''^'^^.j.^^ is the fiber 
product of the multisections 5f^-^kj+i,ij,p- J = 1,2 with respect to the iden- 
tification of the boundary given in Lemma \6.4\ 

(5) For i = the multisection Sp^k+i.ofi coincides with one defined in Lemma 
11.2 jF0004j . 

(6) The map 6p preserves our system of multisections. 

Proof. The proof is similar to the proof of Lemma 11.2 |F0004] . We define 
Sp,k+i.e,p for p S Map{i,B) by an induction over n /3. The case i — is proved 
in Lemma 11.2 [F0004j . Condition (4) above determines the multisection on the 
boundary. T" equivariance implies that evo ■ 7W™_|''"^™^(L(m), (3; p)^/5.'=+i,«,P — > L{u) 
is a submersion. Here 

M~^{L{u),P;pr->'+^^'-^ = (s,,,+i,,,p)-i(0). 

This fact and the induction hypothesis imply that the multisection we defined by 
(4) on the boundary of our moduli space is automatically transversal. (This is 
the important point that makes the proof of Lemma 16.51 easier than corresponding 
general discussion given in section 7.1 |F0003| (= section 30 [F0002j ). See 
section 11 |F0004| for more discussion about this point.) 

Thus we have defined a multisection on a neighborhood of the boundary. We 
can extend it to the interior so that it satisfies (1) and (2) in the following way: 
We first take the quotient {V/T",E/T'') of our Kuranishi chart. Since the T" 
action is free on V the quotient space is a manifold on which F acts. Thus we can 
use the standard result of the theory of Kuranishi structure to define a transversal 
multisection on this chart where the multisection is already defined. We lift it 
to V and obtain a required multisection there. In this way we can construct the 
multisection inductively on the Kuranishi charts using the good coordinate system. 
(See Corollary 15.15 |F0004j .'l 
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To show (6) it suffices to take the quotient by the action of symmetric group 
and work out the induction on the quotient spaces. The proof of Lemma l6.5l is now 
complete. □ 

Corollary 6.6. A^™^"'^(X(u), /?; p)^'^''=+i'*'P is empty, if one of the following con- 
ditions are satisfied. 

(1) ~ E,(2n - dimZ?p^ - 2) < 0. 

(2) ^(/3) - E(2^ - dim Dp^ - 2) = anrf 7^ 0. 

Proof. We may assume fc = 0, by Lemma 16.51 (3). 

We first consider the case of /3 0. All the holomorphic curves in this homotopy 
class are constant maps. Then our moduli space is empty for ^ > 0, since L{u)nD = 
0. This implies the lemma for the case (3 = 0. 

We next consider the case (3^0. The virtual dimension of A4"]'^™{L{u), f3;p) 
(which is, by definition, its dimension as a space with Kuranishi structure) is 

n + /i(/3)-^(2n-dimDp^ -2)-2. (6.8) 

By the transversality (Lemma 16.51 (1)) and T" equi variance (Lemma 16.51 (2)). we 
find that (j6.8p is not smaller than dim L{u) = n if the perturbed moduli space is 
nonempty. (We use (3^0 here: If /3 = the virtual dimension of M™q"^{L{u), (3q) 
is n — 2 but it is nonempty.) This finishes the proof of the lemma for the case 

/3y^0. □ 



Ai(/3)-^(2n-dimDp^ -2) = 2, (6.9) 



We now assume 
and f3^0. Then 

7W5^f"(i("),/3; 

has a virtual fundamental cycle, by Corollary 16.61 We introduce the following 
invariant 

Definition 6.7. We define c(/3; p) G Q by 

c(/3;p)[i(u)] = ei;o*([-M?:r(iH,/3;P)'''-^'*-])- 
Lemma 6.8. The number c(f3] p) is independent of the choice of the system of 
multisections S/3^k+i satisfying (1) - (6) of Proposition [ffTjl 

The proof is the same as the proof of Lemma 11.7 |F0004| and so is omitted. 

Remark 6.9. (1) The independence of an open Gromov-Witten invariant such 
as c(/3; p) was proved in |KLj by taking equivariant perturbations in the 
situation where an appropriate S'^-action exists. 
(2) Since A^™|™(L(w), (3) is independent under the permutation of the interior 
marked points, it follows that A1™|™(L(m), /?; p) is invariant under the 
permutation of the factors of p. We take our multisection so that it is 
invariant under this permutation. 

We use the above moduli spaces to define the operators c{j3:k,e as follows. 

Remark 6.10. Actually we need to fix Eq and construct qi3-k,e for /3 n cj < Eq. 
We then take inductive limit. This construction is explained in detail in sections 
7.2 and 7.4 of [F0003j (= sections 30 and 32 £0002J) so is omitted. For the 
application in this paper, we can use An_K structure in place of A^o structure, so 
the process to take inductive limit is not necessary for applications. 
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Let p e Map{e,B). We put 

£'p(i)®---«)£ip(^), 
^^(p) ^l_Yl ^p(-(i)) '^■■■'^ ^P(-W)- 

Let hi, . . . ,hk be differential forms on L{u). We put 

^(deg/ii - 1) - f4f3) + J2{2n- dim Dp ^ - 2) + 2 = d 

where we note that 

deg[X5^r(L(u), 13; pY^'^-'-^] = codim[M1J'' {L{u) , f3; p)^^ '^'^-p] 

= -fi{/3) + ^{2n - dim Dp^ -2) + 2. 

(See (|6.8p .) We then define a differential form of degree d on L{u) by 

qj%{D{p); hi,...,hk)^ ^{evo)^.{evi, ewfe)*(/ii A • • • A hk), (6.10) 

here ewo, ewi are the maps 

(ez;o, . . . , evk) : M^_^i'^,(L(w), p)^''-^-'- ^ L{u)''+^ 

and (ewo)) is the integration along the fiber. (Actually we need to put an appropriate 
sign. See the end of section [12] for sign.) More precisely we use the formula ()6.10p 
for (/?, £, k) ^ (0, 0, 0), (0, 0, 1) and we put 

qO;0,l(/^) = (-1)"+'^'=^''+'^/^, q0;0,2(/»l, /12) = (-l)deg'^i{dcgh.+l);^^ ^ 

(PHI)) defines a map Bi{A[2\) ® Bfc(iJ(L(u);R)[l]) H {L{u);M.)[\\. We restrict 
it to £"^(^[2]) (X) i3fe(ff(L(u);R)[l]) and denote the restriction by the same symbol 
^I3;t,k- Remark [6J1 (21 implies 

4%{SD{p)-M, ...,hk)^ qtlk{D{p); hi,...,hk) 
We use T"-equivariance to show that 

ei;o : Xr+iMiN,/3;p)'^'^'^- ^ i(«) 

is a proper submersion. Hence the integration along the fiber is well-defined and 
gives rise to smooth forms. (It is fairly obvious that the integration along the fiber 
on the zero set of a transversal multisection is well defined and that it satisfies 
Stokes' theorem. See section 16 |F0004j or section [12] of present paper.) Let 
$l(L(u)) be the de Rham complex of L{u). 

Definition 6.11. We put 

-dR _ Tnwn/3/27r_dfl 

By restricting qf^ to EgA C BgA we obtain 

qjl, : E.iAm) ® B.inmum) ^ niL{u))[l] 
of degree 1 — /i(/3) and 

q,^,f : E,{A{A+) {R)[2]) <g> Bk{(n{L{u))iE> Ao{R))[l]) (f^(i(u)) § Ao(M))[l]. 
Proposition 6.12. q^^ ^. satisfies l\2.'4 . 
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Proof. For p £ Map{£,B), (ILiM) e Shuff(^) wc put 

Split((Li,L2),p) - (Split((Li,L2),p)i,Split((Li,L2),p)2) 
It is easy to see that the coproduct A{SD{p)) is given by the formula 

A{SD{p))= #|II-il^^l^^|! gj(Split((Li,L2),p)i) 

(Li,L2)GShuff(£) 

®5i?(Spht((Li,L2),p)2). 

Then (|6.4p and ()6.5|) imply ()2.2|) in the same way as section 7.1 jF0003| (= section 
13 }FOOO20 . □ 

Now for b e ^^(A+), we define 

mf-\h,, ...M)^ ^''\e''■ h,,..., hk) = Yl <f '^i' ■ • ■ ' ^''O- (6.11) 

Here 

e'' = l + b + b(8)bH . 

Proposition 16.121 implies that m^^''' defines a structure of filtered algebra on 

n{L{u)). 

Remark 6.13. We can prove that § Ao(IR), {mf^'''}^o) is homotopy 

equivalent to the filtered Aqo algebra defined by (|2.6p . The proof is a straight 
forward generalization of that of Lemma 37.55 [F0002j and is omitted here. We 
refer readers thereto for the details. In fact we do not need to use this equivalence 
for our applications in this paper. We can just use the de Rham version without 
involving the singular homology version. 

We take a canonical model of (ri(L(u))®Ao(M)), {tti^I^q) to obtain a filtered 
Aoo algebra (iJ(L(w); Ao(K)), {m^'^^^'j^o). Namely we define 

^Man . (^(i(^). Ao(M))®'= ^ (i/(L(u); Ao(R)) (6.12) 

as follows. We fix a T"-equivariant Riemannian metric on L(u). Then a differential 
form is harmonic with respect to this metric if and only if it is T" invariant. We 
identify H^{L{u)]M) with the set of T"-invariant fc-forms. 

Suppose hi, - ■ ■ ,hk € H{L{u); R) then q^^ ^^.(p; hi, - ■ ■ , hk) is T" invariant and 
so is an element of H{L{u);M.). In fact all the moduli spaces and evaluation maps 
involved are T" equivariant. Thus the restriction of q^^ ^, to the harmonic forms 
defines an operator 

q^^fe :£^^(^[2])®Sfe(i?(i(");K)[l]) -i^(i(");K)[i]. 

It induces 

q,T : (-^[2] ) Sfe (H (L (u) ; Ao (M) ) [1] ) ^ (L (u) ; Ao (R) ) [1] . 

in the same way as Definition 16.111 Proposition 16.121 holds for q™jl'. Therefore by 
the same formula as (|6.1ip we define m^''^""'. 

Lemma 6.14. The filtered Aoo algebra (lf(L(M); Ao(R)), {m^''^°"}^Q) is strict and 
unital homotopy equivalent to (r2(L(u)) (X) Ao(R), {mJ?^'''}^Q). 
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Proof. Let fi : H{L{u); Aa{M.)) il(L(M)) (g) Ao(R) be the inclusion as harmonic 
forms. We set other ffe to be 0. By definition they define filtered Aoo homomor- 
phism, which is strict and unital. (See Definitions 3.2.29, 3.3.11 jF0003| = Defini- 
tions 7.20, 8.17 |F0002| .) It induces isomorphism on mi cohomology. The lemma 
now follows from Theorem 5.2.45 [F0003| (= Theorem 15.45 |F0002| .) □ 

Remark 6.15. In the general situation the construction of the Aoo operators of 
the canonical model and the homotopy equivalence in Lemma l6.14l is by summation 
over trees and is more involved. (See section 5.4 |F0003| = section 23 F0002].) 
Here we take a short cut using the fact L(u) is a torus and the T" equi variance. 

7. Calculation of potential function with bulk 

We have defined a potential function *pD" in section [31 In this section we will 
partially calculate it and prove various results stated in that section whose proofs 
have been postponed until this section. The following is the key lemma for this 
purpose. 

Lemma 7.1. Let y e H'^{L{u); A+), (3 e H2{X,L;Z), and p e Map{l,E). We 
assume (1 6. 91 . Then we have 

q^,':,(i?(p);y, . . . ,y) = £|M(a^ny)'= • PD{[L{u)]). 

where PD{[L{u)\) is the Poincare dual to the fundamental class [L{u)] G Hn{L(u)] Z). 

Proof. The proof is similar to that of Lemma 11.8 [F0004j and proceed as follows. 
Let h he a. harmonic representative of the class y. We have: 

/ qtl,{D{py, ft, ...,/.) = ^^{dP n y)^ (7.1) 

J L(u) l.K. 

The proof is the same as that of Formula (10.10) [F0004j . using Definition 16.71 
The lemma follows immediately. □ 

Proof of Proposition \3.1\ This is an immediate consequence of Corollary 16.61 and 
Lemma [7.11 In fact it implies that Tn™"'''(6, . ■ . ,b) can be only degree 0, that is 
proportional to PZ?[L(u)]. □ 

Proof of Theoreml^m Let b = Ea=i ba e A+. We assume ba is Gbuik- 

gapped. We have 

i peMap{i,B_) 

Here 

3 

We have: 
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By the degree counting the sum is nonzero only when (|6.9p is satisfied. Therefore 
by Lemma 1 7. II we have 

(7.2) 

= E ^bPT''n-/2-c(/3; p) exp(6 n 9/3). 

The sum of the cases (3 = (3i (i = 1, . . . , m) and |p| = is ^pDg(6). 
We next study other terms for |p| ^ 0. We first consider the case j3 = Pi, £ ^ 0. 
Then the corresponding term is a sum of the terms written as 

cT^.H+p/.. (7.3) 

Here c G Q and p is a sum of the numbers which appears as an exponents of ba 
for various a. It is nonzero since £ ^ and G A+. Therefore p S Gbuik \ {0}. 
Therefore (|7.3p is of the form appearing in the right hand side of p.Sp . 

We next consider the case /3 f3i {i ~ 1, . . . , m). We assume c(/3; p) ^ in 
addition. Then by Proposition l6.ll (5) we have e' and p such that 

/3n w 



2tt 



Here e* G Z>o and ^ e* > and p is a sum of symplectic areas of hofomorphic 
spheres divided by 27r. Thus the corresponding term is a sum of the terms 

Here c G Q and p' is a sum of the numbers that appear as the exponents of ba for 
various a. This is exactly of the form in the right hand side of p.Sp . 

Finally we prove p.7p . We first fix (3. There can be infinitely many terms 
contributing to q™"^,. Namely it is possible that £-^00. The exponent of any such 
term is not smaller than 

where 

po = inf(Gbuik \ {0}). 
(|7.4p goes to infinity as £ ^ 00. 

We next consider the case where infinitely many different /3's contribute to q™"^. 
We denote the /3's by f}^. Suppose q^°"^^ ^.^ is nonzero. The term corresponding 
thereto in (|3.5p is of the form: 

c^T^;(«)+P-,y<i...y<." (7.5) 

such that d£'^ = {v'^ i, . . . ,v!y „). We study £j{u) and p^ and prove that p~^ goes to 
infinity. 

We apply Proposition 16. II f5) and obtain 



with ki^j > 0. We have 



i=l j 
m 

£'^{u) = ^ h,^£i{u) 
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and 

p-y — — ^ 1" (a sum or exponents appearing m bj. 

j 

If (fci . . . , G is bounded as 7 — > 00, then a^ j G H2{X; Z) is neces- 
sarily unbounded. Therefore 



P7 



> 



E 



a^j n [oj] 



2n 



goes to infinity, as required. 

We next assume that (fci^-y, . . . , fc„^^) e Z" is unbounded. Then the sum of its 
Maslov indices 



is unbounded. (We recaU ki^-y > 0.) Therefore thanks to the formula 

m 

fi{(3^) = h^jfi{/3^) + 2 ^ ci (X) n J , 

1=1 j 

one of the following alternatives (not-necessarily exclusive to each other) must oc- 
cur: 

(a) I J2j ci(-'^) n a^.jl is unbounded. 

(b) fJ.{P-f) is unbounded. 

For the case (a), J^j '^■y-j S H2{X\1) is unbounded. Therefore 



Pi 



> 



27r 



goes to infinity similarly as before. 

For the case (b), we recall the general dimension formula 

dim>15^f^"(L(u); /3-y) ^2e-, + n + ~ 2. 

On the other hand, we must have 

dim>l'j";^^;"(^(^t);/37 : p) = 
since q/3^:£^.fc^ (p; is nonzero. Therefore we should have 

^(degp^.-2)=A*(/3^)-2. 

This goes to infinity and so does as 7 — > 00. Since we have 

Pi > ijPo, 

p~f goes to infinity, as required. The proof of Theorem 13.41 is now complete. □ 



Proof of Proposition \4.9\ We assume that b is as in (|4.10p . We remark that Di^i j.) € 
H^{D; Z). Therefore a dimension counting argument shows that only /3 with /i(/3) = 
2 contributes to ^pD"(b; b). Then by the assumption that X is Fano we derive that 
only /3i's for {i — 1, . . . , m) contribute among those /3's. 
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Thus we have obtained 

^5D"(b; b)^J2T. T-|TbPT^'("^c(A; p)/' . (7.6) 
i=i p 'P'' 

We next calculate c(/3i; p). By definition we have 

cif3f,p)[Liu)] = evo.iM^;^{L{u),f],;py^-^'^--) 

and 

IpI 

j=i 

We consider 

It is a difFeomorphism by Proposition l6.1l We fixpo G L{u) and let evQ^{po) = {y'}- 
Since [f] — Pi it follows that 



n DipU)) 



1 j = 




We remark that the number c(/3i;p) is well defined, that is, independent of the 
perturbation. So we can perform the calculation in the homology level to find that 

ffi \ P(j) = i for aU j, 

c[f3i;p)^< . (7.7) 

I otherwise. 

Thus (|7.6p is equal to 

m 

^exp(b,)T^'^"^/'. 

1=1 

Since bi = by definition for i > /C + 1 in the decomposition of b in (|4.10p . this 
sum can be rewritten as (|4.1ip which finishes the proof of Proposition l4.9l □ 

Proof of Proposition \4-15\ We assume that b satisfies Condition 14.141 Again by 
dimension counting only /3 with /u(/3) = 2 contributes to ^pD"(b; b). In Proposition 
14.151 we do not assume that X is Fano. So the homology classes (3 other than Pi 
(« = 1, • • • , m) may contribute. 

We first study the contribution of (3iS. We put 



i=i p 'P'' 

Substituting (|7.7p into *Poi we obtain 

<Po(b'; 6) - ^o(b; h) = E(^^P(^') ^ cxp(b.))T^'(")/- 

m 

= Y,{cMK(i,r) + cT^) - exp(b,(,,,)))TS'/'<'-). 
1=1 

This is in the form of the sum of the first 2 terms of the right hand side of (|4.20p . 
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We next study the contribution oi (3 Pi. We have only to consider f3's satisfying 
that ^i{f3) = 2 and /3) ^ 0. We put 

%(b; 6) - ^ -L-bPT^n^/^-dp- p) exp(& n 3(3). 
p 

If we write 

= +^a^J 
^=l j 

as in Proposition 16. II (5), then we have 

m 

i=l j 

exp(6n9/3) = y^T=l<^h^^_ 

We have > and J2i^p > 0- Moreover, since /3 /3i (i = 1, . . . , m) it follows 
that apj ^ 0. (We use = 2 to prove this.) Therefore 

pp = ^ap.j n M/27r > 0. 
i 

Hence 

oo 

where c^ h G J? and pj^ is a sum of exponents of T in b. This corresponds to the 
third term of (|4.20p . In fact = ep£i, pa = p'^ + pp therein. 
Now Proposition 14. 151 follows if we rewrite 

q3D(b'; h) - ^Oih- b) = CPo(b'; b) - ^^{h; bj) + ^^(^^(b'; b) - <p^(b; 6)). 

□ 

8. Floer cohomology and non-displacement of Lagrangian 

submanifolds 

In this section we discuss how we apply Floer cohomology and the potential 
function to the study of non-displacement property of Lagrangian submanifolds. 
Especially we will prove Proposition 13.151 and Theorem l3.19l The argument of this 
section is a minor modification and combination of the one given in |F0004"] except 
that we integrate bulk deformations into the argument therein. (The way to use 
bulk deformation in the study of non-displacement of Lagrangian submanifold is 
described in section 3.8 |F0003| (= section 13 [F0002j .)) This generalization is 
quite straightforward. We however gives details in order to make this paper as self- 
contained as possible for readers' convenience. To avoid too much repetition of the 
materials from [F0003| . we will use the de Rham cohomology version instead of 
the singular cohomology version of filtered A^a algebra associated to a Lagrangian 
submanifolds in this section. The de Rham version is suitable for the purpose of 
present paper since we can easily realize exact unit in de Rham theory. We are 
using weak bounding cochain which is easier to handle in case exact unit (rather 
than homotopy unit) exists. 
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In this section we put R ~ C We write Ao, A+, A in place of Ao(C), A+(C), 
A(C) respectively, in this section. 

We first explain how we enlarge the deformation parameters (b,j;) of Floer co- 
homology to 

^(A+) X H\L{u); Ao) D A{A+) x H\L{u);A+), 

by including b G H^{L{u);Ao) D H^{L{u);A+) as in |F0004| where we borrowed 
the idea of Cho |Cho| of considering Floer cohomology twisted with flat non-unitary 
line bundles in the study of displacement problem of Lagrangian submanifolds. 

Definition 8.1. Let 

i: = Y.}::e,eH\L{uo);Ao) (8.1) 

i 

and 

h=Ko+Tr,+ (8.2) 
where y^^o S C and £ A+. We put 

r)i,o = exp(yi,o) = e C. 

n=0 

Let p : Hi{L{u); Z) ^ C \ {0} be the representation defined by p{ei) = tj^^o- 
Definition 8.2. We define 

q'.J'P : E,A{A+)[2]^BkiH{L{u);Ao)[l] ^ H{L{u); Ao)[l] 

by 

can,p \^ ^dfJnel „0/3ne* „^ncj/27r _can tQQ^ 
P 

We then define: 

m^^^""'^'(xi, ...,x,)=Yl qr''(&'; • ■ ■ e^+a;,er+), (8.4) 

e 

and 

*PD;(fa,y+) = 5]q^;;-''(b^4). (8.5) 

We also define 

q£fc : ^,(^(A+)[2])® Bfe((r!(L(u)gAo)[l]) ^ (r!(L(u)) g Ao)[l]. 
and m^.''^ in the same way. 

Lemma 8.3. (1) vn^^'^ , m^''^""''^ define the structures of filtered Aoo algebras on 
il(L(ii))®Ao and on H{L{u); Aq), respectively. 
(2) Let *pD^ : H^{L{u); Aq) — » Aq be the extended potential function as in 
Lemma \3.5\ Then we have 

^PD;^(b;y+) = ^pD"(b;y) 

if dUI) holds. 

Proof. The proof of (1) is the same as that of Proposition 12.2 |F0004] . The proof 
of (2) is the same as the proof of Lemma 4.9 jF0004| . □ 
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Definition 8.4. 



HFiiL{u),b,^),{L{u),b,^);Ao) 



Im m" 

In the same way as Lemma 16.141 we can prove 

Kermp^ ^ Ker 

T b,can,r t ti.r ^ ^ 

Im m-i im rri]^ 

Proof of Theorem \3.1SX Based on the above definition the proof goes in the same 
way as the proof of Theorem 4.10 [F0004| . □ 

We next prove Proposition 13.151 and Theorem 13.191 Again the proofs wiU be 
similar to the proofs of Proposition 4.12 and Theorem 5.11 [F0004j in which 
we use a variant of Theorem 12.51 that also employs Floer cohomology twisted by 
non-unitary flat bundles (whose holonomy is p as above). 

Now we provide the details of the above mentioned proofs. 

Let 'tpt '■ X ^ X he a, Hamiltonian isotopy with ■00 = identity. We put ipi — ip. 
We consider the pair 

L^°'^=L{u), L(i)=V(i(u)) 
such that L'^^^ is transversal to i^"^. By perturbing ipt a bit, we may assume the 
following: 

Condition 8.5. If p G L{u) n i){L{u)) then 

Mp) i 7r-\dP) (8.7) 

for any t e [0, 1]. 

We put i/j^J = Jt where J is the standard complex structure of X. Then Jo — J 
and Ji = ip*iJ)- 

Let p,q € i'"' n L^^K We consider the homotopy class of maps 

if :Rx [0,1]^ X (8.8) 

such that 

(1) limr^-oo ifir, t) = p, limr— +00 "^(r, t) = q. 

(2) ^(r,0)Gi(o),^(r,l)eiW. 

We denote by 7r2(L*-^-', L'^*'^;p, g) the set of all such homotopy classes. We then 
define maps 

^2(L(^\ L("^P, r) X ^2(i(^\ L^^V, q) ^L'^'Kl^^^;?, q), 

MX; i(i)) X 7r2(L(i), L(");p, q) 7r2(L«, L(");p, q), (8.9) 

^2 , L(o) ; p, q) X 7r2 (X; ) ^ tt^ {L^'^ , L^'^ ;p,q), 

as follows. The map in the first line is an obvious concatenation. To define the map 
in the second line we first fix a base point pq G L^^\ Let ip : R x [0,1] ^ X rep- 
resent an element of 7r2{L^^\ L'^^'';p,q) and (p : X an element of tt2{X; L^^^^), 
respectively. (0(1) = Po and (j){dD^) C L^^\) We take a path 7 joining po and 
(^(0, 1) in L(i). We take the boundary connected sum (R x [0, l])#D^ of M x [0, 1] 
and along (0, 1) and 1, which is nothing but M x [0, 1]. We use 7 to obtain the 
map (^#^0 : M X [0, 1] = (R X [0, 1])#-D^ X joining ip and 0. The homotopy 
class of <p#70 is independent of 7 since tti^L'^^'') acts trivially on 7r2(X; L^^''). (We 
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use the fact that L'^' is a torus here.) We thus defined the map in the second fine. 
The map in the third fine is defined in the same way. 
We denote the maps in (|8.9p by 7^. 

Remark 8.6. (1) We here use the set 7r2(L'^^), L^''^;^, g) of homotopy classes. 
In the last two sections we use homology group H2{X, L{u);'Z). In fact 
H2{X, L(u);1i) = TT2{X, L{u)) in our situation and so we can instead use 
the latter. 

(2) The definition of above is rather ad hoc since we use the fact that L*^^^ 
is a torus. In the general case we use the set of F equivalence classes 
of the elements of ■K2{L^^\L^^^;p,q) in place of 7r2(L'^', g) itself. 

(See Definition-Proposition 2.3.9 [F0003j = Definition-Proposition 4.9 
[F0002] .') 

Definition 8.7. We consider the moduli space of maps ()8.8p satisfying (1), (2) 
above, in homotopy class B e 7r2(L^^\ g), and satisfying the equation: 

We denote it by 

We put fci marked points {t\^\ 1) on {(r, 1) | r e R}, fco marked points (Tj'°\ 0) on 
{(t, 0) I re M}, and I marked points (r^, ti) on R x (0, 1). We number the ki + fco 
marked points so that it respects to the counter-clockwise cyclic order. The totality 
of such {(rf ) , 1)}, {(rf \ 0)}, {(r„ U)}) is denoted by 

We divide this space by the M action induced by the translation of t direction to ob- 
tain ^(o).^^ q. B)^ and M]^^^f,^.j,iL(^^\ L^°^ ;p, q; B). Finally we compactify 
them to obtain M{L'-^\ L''°^]p,q; B), and Mk,,k„AL'-^\ L'-'^^'^P^Q'^ B). 

See Definition 3.7.24 |F0003| (= Definition 12.24 |F0002j ) (the case £ = 0) 
and subsection 3.8.8 [F0003j (= section 13.8 |F0002j ) for the detail. 

Remark 8.8. In [il''OOU3j we defined 7Wfci,fco(L(i\ toi], [^g, lyz]). The 

choice of [wi] and B uniquely determines [W2] by the relation [wi]^B = [^2], but 
there could be more than one element B e n2{L^'^\ L'^^^;p,q) satisfying ['Wi]^B = 
[w2]- This is because the equivalence class [i'p,w] is not the homotopy class but 
the equivalence class of a weaker relation. But the number of such classes B for 
which A4{L'^^\L^°^;p,q;B) ^ is finite by Gromov's compactness. Therefore 
A^fei,feo(^*^^^^°^ [ip,wi],[ig,W2]) is a finite union of M{L^^\ L'-°'^;p,q; B) with B 
satisfying [wi]#B = [w2]. 

We define the evaluation map 

ez; = (ez;'"*,ei;W,ei;W) :>[,.„fc„;,(i«,L(°);p,g;i3)^X^x (L(7.))'=i x (L(w))'=°, 

as follows. 

ev^'\^,{{rP,l)},{{r^°\0)}A{n,U)}) = ^~\^{{r^'\m, (S-H) 
evT\^AirPA)}A{r^°\0)}A{n,U)})^^u\v{{n,U)))- 
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We have difFeomorphisms L{u) = L^^^ and L{u) ^ L^^\ (The former is the identity 
and the latter is 

Lemma 8.9. A4ki,ko;eiL^^\ L^^^^ ; p, q; B) has an oriented Kuranishi structure with 
corners. Its boundary is isomorphic to the union of the follows three kinds of fiber 
products as spaces with Kuranishi structure. 

(1) 

Xfe; ^k'„r (i(^) , ;p,r;B')x My^ {L^'^ , i^"' ; r, q; B") 

where k'^ + k'^ = k-j, I' + 1" = i, B'#B" = B. The product is the direct 
product. 

(2) 

Mk',+i;t'{L{u)-l3') x^^a) Mk'iM"{L^^\L^''^-,P,q-.B"). 

Here (3' G 7r2(X;i(i)) = Ti2{X]L{u)), k[ + k'{ = fci + 1, f + f = I, 
(3'^B" = B . The fiber product is taken over 9S L{u) by using evo : 
A^£';fc;+i(iH;/3') Hu) and evf^ : Mk'^,k„;e"iL^'\L(°^;P,q;B") ^ 
fferei = l,...,A:i'. 

(3) 

iJere /3" G 7r2(X;L(o)) = 7r2(X;L(w)), fc;^ + k'^ - fco + 1, ^' + f ' = i, 
B' ^(3" — B . The fiber product is taken over L^*^^ = L{u) by using ewo : 
Mk'^+^.j.{L{u);l3") ^ andevf : Mk,.u',r{L^^\L'^'''^:P,T.B') ^ 

Lemma [8.91 is proved in the same way as subsection 7.1.4 |F0003) (= section 
29.4 |F0002) ). 

Definition 8.10. We next take p € Map{i,B_) and define 

e 

Mk,MAL^^\L^°^:P, 9; B; p) = g; B) X [] i?p(,). (8.12) 

It is a space with oriented Kuranishi structure with corners. 

We remark that Condition 18.51 impHes that ii p — q, B — Bq — then the set 
M{L'^^\L^°'>;P,P;Bo) is empty. 

Lemma 8.11. The boundary of Aiki.ko:e{L^'^\L^^');p,q;B;p) is a union of the 
following three types of fiber product as a space with Kuranishi structure. 

(1) 

Mk'„k',;i'{L^'\L^"^;p, r; B'; p,) x Mk'^.k'^,i,,{L^'\L^°^;r, q; B";p,). 
Here the notations are the same as Lemma \8.9\ (1) and 

(Pi,P2) -Spht((Li,L2),p) (8.13) 
for some (Li,L,) G Shufr(£). 

(2) 

Mk'^+ut{L{u);(3';p^) evo ^^v^^) ■A^fc;^fco;^"(^^^^ 9; -B"; P2)- 
Here the notations are the same as Lemma \8.9\ (2) and l\8.1S^ . 
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(3) 

Here the notations are the same as Lemma \8.9\ f3) and \8.1!^ . 

The proof is immediate from Lemma 18.91 We remark that by our definition of 
evaluation map ev™'^ the homology class /3', (3" in (2), (3) above are nonzero. 

We now construct a virtual fundamental chains on the moduli space (|8.12p . We 
remark that we already defined a system of multisections on Aik+i;i{L{u)] /3; p) in 
Lemma 16.51 

Lemma 8.12. For any Eq, there exists a system of multisections l\8.12\ of the 
moduli space Mki.ko;i{L^^\ L^'^^ip, q; B; p) with Bnuj < Eq, which are compatible to 
one another and to the multisections provided in Lemma \6. 51 under the identification 
of the boundaries given in Lemma \8.11\ 

Proof. We construct multisections on the moduli space ()8.12p by induction over 

We remark that the boundary condition for (j8.10p is not T" equivariant anymore: 
while the boundary L*^°^ = L(u) is T" invariant, L^^' = '4'{L(u)) is not. So there is 
no way to define a T"-action on our moduli space (|8.12p . 

We however remark that cvq in (2) and (3) of Lcmma l8.f f l is a submersion after 
perturbation. This is a consequence of (2) of Lemma [6751 Moreover the fiber prod- 
uct in (f) of Lemma 18.111 is actually a direct product. Therefore the perturbation 
near the boundary at each step of the induction is automatically transversal by the 
induction hypothesis. Therefore we can extend the perturbation by the standard 
theory of Kuranishi structure and multisection. This implies Lemma 18.121 □ 

We are now ready to define Floer cohomology with bulk deformation denoted by 

i/F((LW,b,V^4y)),(L(o),fa,y);Ao). 

Let us use the notation of Definition l8.ll We have a representation p : tti (L{u)) — > 
C\ {0}. We choose a flat C-bundle (vC, V) whose holonomy representation is p. It 
determines flat C bundles on L*^°\ L^^\ which we denote by C^^'' and C^^\ respec- 
tively. The fiber of C^^^ at p is denoted by Cp\ 

Definition 8.13. We define 

Cn(L«,p),(L("),p);Ao)= Hom(4o),£«)0cAo. 

With elements p € L^^'^ fl L^^^ equipped with the degree or 1 according to the 
parity of Maslov index, it becomes a Z2-graded free Ap-module. 

Remark 8.14. Actually we need to fix Eq and construct qf3-k,e for /3 n cj < Eq- 
We then take inductive limit. We omit the detail and refer Proposition 7.4.17 
|F0003| . For the application we can use An,K structure in place of Aoo structure 
so the process to go to inductive limit is not necessary. See also the end of the proof 
of Proposition [87221 

We are now ready to define an operator r, following section 3.8 [F0003j (= 
section 13.8 |F0002| ). We first define the map 

Comp : 7r2(L(i),L(°^;p,g) x Hom{C^^\ C'^^) ^ Hom{6^\6^^). 
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Let B = e 7r2(i(i\L('";p,g), a e Hom{C^p\ C^^''). The restriction of Lp to 
^ X {j}, T ^ ^{T,j) defines a path joining p to g in L^^' for each j = 0, 1. Let 

Pala^.B : C^p ^ C^'^ (8.14) 

be the parallel transport along this path with respect to the flat connection V. 
Since V is flat this is independent of the choice of the representative Lp but depends 
only on B. We define 

Conip(B, a) = V&la.B oao Palg^^- (8-15) 

Lemma 8.15. Let B e Ti2{L^^KL^°^\P,q), B' e TT2{L^^\L^°^\q,r) and (ij € 
'K2{X,L^-'^), a G Hom{Cj^\ C^^). Then we have 

Conip(B#B', a) = Conip(B', Comp(B, a)), 
Conip(/3o#B, a) = p(/3o)Conip(B, a), 
Conip(B#/3i,cr) = p(/3i)Conip(B,cr). 

The proof is easy and so omitted. 

Definition 8.16. Let B e n2iL'^^\L'-°^;p,q), p G Map{£,B) and let /ip^ {i = 
1, . . . ,kj) be differential forms on L^^\ We define 

^ ly..ns/2.Comp(i?,a) / ei;W*/i(i) A ew(°)*/i(") (8.16) 

eiIom(4"),£«)®C Ao. 
Here 

/iO") = X • • • X 4f 
is a differential form on (L^^^)'''^. 



B 

converges in non- Archimedean topology by the energy estimate (see subsection 5.3.5 
|F0003| = section 22.5 |F0002p and defines 

VpM,ko;i ■■ EiA{A+)[2] ® Bfe, ((17(^(1)) § Ao)[l]) 

®CF((i«,p),(L(°),p);Ao)®i?fc„((f^(L("))SAo)[l]) 
^CF((iW,p),(i("),p);Ao). 

The following is a slight modification of Theorem 3.8.71 [F0003j {— Theorem 
13.71 [F0002j 'l. 
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Proposition 8.17. Let y e A{A+)[2], x e BkA{n{L^^'>)(g> Ao)[l]), and let z e 
Bfe„((r!(i(o))iAo)[l]), we CF((i(i),p),(i(o),p);Ao). Then, we have 

Q ^ ^ (_l)dogy<2^;2) dcg'x<3;i)+dcg'x(Ji)+dcgy(2^-i) 



Cl,C2 



rp(yir^ (x(f ) ® qp(y(f ); x(f )) x(f >) . z) 

^ ^__-^^|dcgy<2^;2)dcg'x(|;i)+dog'x<^Ji)+dogy(2^:i) 

Cl,C2,C3 (8-17) 

rp(yir); x(f ) « r,(y(f ); x(f ) « . « z(f ))) « z(f )) 

^ ^ (■„2)('^°SyJ.i'^'+l)(dcg' x+dcg' -u+dcg' z(|!i')+dcgy(2^'i> 

Cl,C3 

rp(y(?^i); (x ® « (z^f ) ® q,(y(f >; z(f )) ® z^f ))). 

Proof. The 1st, 2nd and 3rd terms correspond to (2), (1) and (3) of Lemma [5.111 
respectively. The associated weights of symplectic area behave correctly under the 
composition rules in Lemma 18.151 The proposition follows from Stokes' formula. 
(We do not discuss sign here, since the sign will be trivial for the case of our interest 
where the degrees of ambient cohomology classes are even and the degrees of the 
cohomology classes of Lagrangian submanifold are odd.) □ 

Lemma 8.18. //x = xi (g) 1 X2 where 1 is the degree form I, then 

rp(y;x(8)i;(8)z) = 0. (8.18) 
The same holds z/z = Zi (g) 1 (X) Z2. 

Proof. This is an immediate consequence of the definition. □ 
We define T" action on L^^^ by 

g-x = ip{gip~'^{x)), 

where gip~^{x) is defined by the T" action on L^^^^ induced by T" action on X. 
(Note L*^^) C X is not necessarily T" invariant under the T" action on X, since ip 
may not be T" equivariant.) 

We also remark that we put ^/j"^ in the second line of (|8.1ip . 

We identify H{L^^\C) with the set of T" invariant forms, with respect to the 
above action. Now by restricting (|8.16[) we obtain: 

^;MM;i ■■ E,A{A+)[2] ® Bfc,(i/(L(i); Ao)[l]) 

® CF{{L^^\p), (lW,p); Ao) ® Bk,{H{L^^^;Ao)[l]) 

~^CF{{L^'\p),{L^"\p);Ao). 

By definition (|8.17p . (|8.18p hold when r and q are replaced by r^°" and q^"". 

Definition 8.19. Let b G ^(A+), y G H^{L{u),Ao). We use the notations of 
Definition 18.11 and define 



S'^^ : CFiiL'^'\p), (L("), p); Aq) ^ CF((L(i), p), (i^, p); Aq) 

by 
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By taking a harmonic representative of j:+ we also have 
Lemma 8.20. 

= 0. 

Proof. We remark that Ae*" — e''(g)e'' and Ae'^+ — (g)e'^+. Therefore Proposition 
18.171 imphes 

+ (-l)'^°s"+ir™"(e^ ef+ g) v g) g) q™"(e''; 6^+) g) e^+). 

Since qp°"(e''; 6^+) is a (harmonic) form of degree 0, Lemma [8.181 imphes that the 
second and the third terms vanish. This proves the lemma. □ 

Definition 8.21. 

ffF((LW,b,V*(y)),(i(°\b,y);Ao) 



Im Jf'^r ' 

We recall we are considering the Hamiltonian isotopic pair 

= L{u), L(i) = i^mu)). 

For this case, we prove 

Proposition 8.22. We have 

b, b,y); A) - HF{{L{u), b,?;), (L^, b,y); A). 

Remark 8.23. We use A coefficients instead of Aq coefficients in Proposition 18. 221 

Remark 8.24. In the proof of Proposition 18.221 we need to choose a system of 
multisections of various moduli spaces. In doing so, we need to fix the energy level 
£^0 and restrict the construction to the moduli spaces with energy smaller than Eq. 

In the situation of the proof of Proposition 18.221 this point is slightly more non- 
trivial than the similar problem mentioned in Remarks 16.101 18.14[ since we need to 
work with Novikov field A instead of Aq . 

To simplify the description we ignore this problem for a while and will explain 
it at the end of the proof of Proposition 18.221 

Proof. We can prove Proposition 18.221 bv the same way as in sections 3.8, 5.3, 7.4 
of |F0003j (= sections 13, 22, 32 of |F0002p . We will give the detail of the 
proof using de Rham theory, for completeness. Let tpt be a Hamiltonian isotopy 
such that V'o is the identity and tpi is 'ip. We put L^*) = tpt{L{u)). 

Let X : ^ [0, 1] be a smooth function such that xi^) = for r sufficiently 
small and x{t) = 1 for r sufficiently large. We choose a two-parameter family of 
compatible almost complex structures {JT,t\T.t by 

Then it satisfies the following: 

(1) f = Jt for sufficiently large t. 

(2) Jr.t — J for sufficiently small r. 

(3) Jr.l = ^x(r)*J- 

(4) Jrfl = J. 
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Let p £ n We consider maps (p : R x [0,1] ^ X such that 

(1) hm^^+oo <^(T,t) =P- 

(2) hmT-^_oo fiT, t) converges to a point in i'"-' independent of t. 

(3) (^(t,0) e (^(r,l) e 

We denote by 7r2(L'-^-', L'-^-'; the set of honiotopy classes of such maps. There 
are obvious maps 

^2 ; * , p) X ^2 ; P, 9) - ^2 ; * , 9) , 

^2(^;i('^)x^2(i('\i(°';*,p)^^2(i('U^°^;*,p), (8.19) 
^2 (i^'^ , ; *, p) X ^2 (X; i^"^ ) ^ ^2 (i^'^ , i^"^ ; *, P). 

(We here use the fact that the action of 7ri(L(*)) on 7r2(X; L*^*^) is trivial.) We 
denote ((8l^ by #. 

Definition 8.25. We consider the moduli space of maps satisfying (1) - (3) above 
and of homotopy class C+ € -K2{L^^\L^^'']*,p) and satisfying the following equa- 
tion: 

■ Jr, 0. (8.20) 



We denote it by 

X-s(LW,lW;*,P;C+). 

We also consider the moduli spaces with maps with interior and boundary marked 
points and their compactifications. We then get the moduli space 

We remark that we do not divide by E action since (I8.20p is not invariant under 
the translation. We can define an evaluation map 

ev = {ev'^\ev^^\ev^°^) : Xfe„fe„;,(L(i), L^"); C+) ^ x {L^^^f' x (lW)'^", 
in a similar way as (|8.1ip as follows: 

evf^ (^, {(rf ) , 1)}, {(rf^ , 0)}, { (r„ t,)}) - ^((rf ,0)), 

et.«(^,{(r«,l)},{(rf\0)},{(r,,t,)})^^-(i^^)M(r«,l))), (8.21) 

e«r*(^, {(r« , 1)}, {(rf \ 0)}, {(r,, t,)}) = ^-^(,^)(^((t., t,)))- 
Moreover there is another evaluation map 

et;_oo : A^fci.fco;f(i''\i^°^*,P;C+) ^ L(m) 

defined by 

ev-oo{^) = lim ip{T,t). 



T — > — OO 



Using fiber product with the cycle -D(p) we define 7Wfcj^fc(,;£(L^^\ L'"'; C+; p) 
in the same way as above. 

Lemma 8.26. Mki,ka\i{L'^^\L^^^]*,p]C-\-;'p) has an oriented Kuranishi structure 
with boundary. Its boundary is a union of the following four types of fiber products 
as the space with Kuranishi structure. 
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(1) 

Mk'^^k',;AL^'\L^"^;*, q; C'+- pi) X Alfe.^fe-.,„(L(i), p^^^ 
Here the notations are the same as Lemma \8.9\ (1) and H8.13\i . 

(2) 

Here the notations are the same as Lemma \8.9\ (2) and l\8.13^ . 

(3) 

Here the notations are the same as Lemma \8.9\ (3) and l\8.1S^ . 

(4) 

where k'^ + k'^ = kj, I' + 1" = £, p'#C';_ = C+ and (fOD . 

The proof is the same as one in [F0003| subsection 7.1.4 (= [F0002| section 
29.4). 

Lemma 8.27. There exists a system of multisections on Adki.ko-.eiL^^"^ , i*-*^-*; C4.; p) 
so that it is compatible with one constructed before at the boundaries described in 
Lemma \8.2b\ 

Proof. We can stiU use the fact euo is a submersion on the perturbed moduU space 
to perform the inductive construction of multisection in the same way as the proof 
of Lemma iH □ 

For C+ e 7r2(L(i\L(o);*,p), we define p{C+) e H om{6^\ 6^'^ ) by 

p(C+) =Pala,c+oPala;c^. (8.22) 

Here we use the notation of (|8.14p . 

Lemma 8.28. Let C+ G 7r2(L(i),L(o); *,p), B' e 7r2(L(i) , L(o);p, g) and (3j G 
7r2(X, i^^-*). Then we have 

Gomp{B',p{C+))^p{C+#B'), 

p{MC+) = piPo)p{C+), p{C+m) = p{Pi)p{C+). 

The proof is easy and is left to the reader. 

Now let C+ e 7r2(L(i\ *,p), p € Map{e,B) and let h'f '> (i = 1, ...,%) be 
differential forms on L^^^ and h also a differential form on L{u). We define 

fkMMSDip); h['\. . . , hl^;h; . . . , 

= T,PiC+) I ew(i)*/i(i) A evt^h A ew(°)*/i(") (8.23) 

JA^fci,fco;^(L(i),L(«);*,p;C+;p) 

Here 



/jO) = X • • • X /l 



0) 
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is a differential form on (L^^^)'''^ . It induces 

fc+ : B((17(LW)gAo)[l])® (0(LH)gA)[l]®B((r!(L("))§Ao)[l]) 

^ foto(/:w^£(i))^a. 

peL(i)nL(") 

Now we define 

f : niL{u)) ® A p), p); A) 

by 

f(/i) =^T"nC'W2-fp^(ef;eJ+,^ft0ef+). (8.24) 

c+ 

We remark that uj D C+/2tt may not be positive in this case since (|8.20[) is r- 
dependent. 

The fact that the right hand side converges in non- Archimedean topology follows 
from the energy estimate. See subsection 5.3.5 |F0003) (= section 22.5 [F0002j ). 

Lemma 8.29. f is a chain map. 

Proof. With Lemmata 18.261 18.271 18.281 the proof is similar to the proof of Propo- 
sition [8Tfl and Lemmata [87T81 [8?20l □ 

We next define the chain map of the opposite direction. Let p G L*-*^-* n L^^\ We 
consider maps (yS : R x [0, 1] ^ AT such that 

(1) lim.r~— oo "^(t, =p. 

(2) limT-^+oo (^(r, t) converges to a point in L^^'' and is independent of t. 

(3) (^(t,0) G ^(t,1) G lW--)). 

We denote by tt2{L'^^\ L''^^ ;p, *) the set of homotopy classes of such maps. There 
are obvious maps 

TT2iX; L^^^) X ^2(i('\ ^'"^P, *) -> ^2(i('\ *), (8.25) 

ii2{L'^^\L^°^\P, *) X ^2{X: lW) ^ ^2(i('\ *). 
We denote them by #. 

Definition 8.30. We consider the moduli space of maps satisfying (1) - (3) above 
and of homotopy class C_ G 7r2(i^^\ *) and satisfying the following equa- 

tion: 

■ J-r.. f $U 0. (8.26) 



We denote it by 

7W°s(L(i\l(0);p,*;C_). 
We include interior and boundary marked points and compactify it. We then get 
the moduli space M.ki,ko\i{L^^\L^^''\P^ *; 

We define the evaluation maps 

ei; = (e«+,e««,e«(")) : Alfe„.„,,(i«,L(");p,*;C_) ^ X (iW)'^^ X (i(°))^-", 

and 

et'+oo : 7Wfe,.fe„;£(L(i\L(°);p,*;C_) L{u). 
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Here 

ev+ooi'p) = lim (p{T,t). 

r — *4-oo 

Using ev~^ we take fiber product with D{p) and obtain ■Mki.ko;eiL^^\ L^^'^-jp,*; C_; p). 

Lemma 8.31. Aiki,ko;i{L''^\ L^^^^^p, C-;p) has an oriented Kuranishi structure 
with boundary. Its boundary is a union of the following four types of fiber product 
as a space with Kuranishi structure. 

(1) 

A^fe;,,. L(o);p, q; B'; p,) x X,.,,..,.(L(i), L^o); g, C'l;p,). 

Here the notations are the same as Lemma \8.9\ (1) and 1^8. IS^ . 

(2) 

Al/c;+i;f'(i(w);/3';Pi) evo ^^^w Mk-,k„;e"{L^^\L^°^;P^*;C'l;P2)- 
Here the notations are the same as Lemma \8.9\ (2) and l\8.13^ . 

(3) 

Here the notations are the same as Lemma \8.9\ (3) and H8.13\i . 

(4) 

where k'j + k'J = £' + i" = £, P'#C"1 = C_ and ^8J^. 
The proof is the same as one in subsection 7.1.4 [F0003j ( = section 29.4 

We define the map 

Comp : 712(^(1), x iJomC^"), ^ c 

as follows. Let a G Hom{6p\6p^) and C_ G tt2{L^^\l'^°^\P,*)- Then 

Comp(C_, cr)w = Paloic- o o Palg^^^- (^')' (8-27) 
where v £ J^nm^^j^,^ v{'r,t) ^^'^ ^^e notation of (|8.14p . 

Let a e Hom{cf\dp^), C_ £ 7r2(L(i), L^o); g, *), B' e 7r2 {L<-^\ L<^°^;p,q) and 
f3j e 7r2(X,i (■'■)). Then we have 

Comp(B',Comp(C_,cr)) = Comp(S'#C_ , (j), 

Comp(/3o#C_,f7) = p(/3o)Comp(C_,(T), (8.28) 
Comp(C_#/3i,cr) p(/3i)Comp(C_,cr). 

Now let C_ G 7r2(L(i), p G Map{£,B) and /i^^ (i = 1, . . . , fcj) be differ- 

ential forms on L^-') and cr G H om{C^p\ ) . We will define an element 

0^;fc„fco;C_ (5^(P); . . . , <V; . . . , G r!(L(u)) ® A. (8.29) 

We will define it as 

3i-MM:.C- iSD{p); . . . , /jW; a; hf\..., 4°>) 

1 (8.30) 

= -Comp(C_,fT)((ew+^)!)(et)(i)*/i(i) Aef(°)*/i(")). 
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Here (ew+oo)! is the integration along the fiber of the map 

ev+^ : Mk,MAL^^\L(°^-^P,*-^C^;pr ^ Liu) (8.31) 

of the appropriately perturbed moduli space. More precise definition is in order. 

We can inductively define a multisection on A^fcj_fc(,.^(L(^\ L^^^ip, *; C_; p) so 
that this is transversal to and is compatible with other multisections we have 
constructed in the earlier stage of induction. We can prove it in the same way as 
Lemma 18.271 

However it is impossible to make the evaluation map (|8.3ip a submersion in gen- 
eral by the obvious dimensional reason if we just use multisections over the moduli 
space A^fci_fco;^(L(^\ *; C_; p): We need to enlarge the base by considering 

a continuous family of multisections. This method was introduced in section 7.5 
[FOOOS] (= section 33 |F0002| ) for example and the form we need here is detailed 
in section 12 [Fu3j . We recall the detail of this construction in Appendix of the 
present paper for readers' convenience. More precisely we take Mg = L{u)'^°~^'''^ , 
M = ■Mfc„fc„;,(L(i), LW;p^ ;C-;p), = L{u), ev, = (e«W , ei;(°)), evt = ev+oo 
and apply Definition 112.111 Then, the next lemma follows from Lemma 112.141 in 
Appendix. 

Lemma 8.32. There exists a continuous family {Sq,} of multisections on our moduli 
space Aiki.ko-jiL^^\ L''^">;p,*; P;p) so that it is compatible in the sense of Defini- 
tion \12.8\ and is also compatible with the multisections constructed before in the 
inductive process at the boundaries described in Lemma \8.31i Moreover 31\i is a 
submersion. 

By Definition 1 12. Ill the integration along the fiber (|8.30p (or smooth correspon- 
dence map) is defined. Now we have finished the description of the element (|8.29p . 
This assignment induces a homomorphism 

00 :i?((r!(L(i))gAo)[l])® I i/om(4°\/:«)®cA 

\p6L(i)nL(") 

(g> B((0(lW) § Ao)[l]) ^ in{L{u)) § A)[l]. 

Now we define 

fl : CF((LW,p),(LW,p);A) ^ n{L{u))^A 

by 

0(a) = J2 ^"^^-/'"0/3(e^ ef+ ® ® e^+). (8.32) 



With these preparation, we can prove the following lemma in the same way as 
Lemma 18.291 using Lemmata 112.131 and 112.151 So its proof is omitted. 

Lemma 8.33. q is a chain map. 

Proposition 8.34. f o and o f are chain homotopic to the identity. 

Proof. We will prove that o f is chain homotopic to the identity. Let 5*0 be a 
sufficiently large positive number. (Say 5*0 — 10.) For 5 > 5*0 we put 



Xs(t) 



xi-r-S) r<0, 
X{r-S) T>0. 

We win extend it to < 5 < 5o so that xo{t) = 0. 
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We consider maps : R x [0, 1] — > X such that the following holds: 

(1) linii-^-oo </3(r, i) converges to a point in L{u) and is independent of i. 

(2) linix^+oo ^{T,t) converges to a point in L{u) and is independent of t. 

(3) ip{T,G) e <^(t,i) e L(^s{r))^ 

We denote by ■n2{L^^\ L^^^; *, *; S*) the set of homotopy classes of such maps. There 
exists a natural isomorphism tt2{L'-^\ L^"^; *; S) = 7r2(X, L{u)), 

[if] ^ [ip'], where (^'(r, t) = tZ-^^^^^^j (^(t, t)). 

Here we recall L^i) = Vi(L(m)), = ^(w). Therefore we will denote an element 
of 712 (L*-^-*, L^"^; *, *; •S') again by /3 as for the case of n2{X, L{u)). 
We have the obvious gluing maps 

772 {L^'^ , ; *, p) X 772 {L^'^ ,L^°^;p,*;S)^n2 (L^^) , L^°^ ; *, *; 5) , 

7r2(X; i«) X 7r2(L(^\ *, *; S) ^ 772(^(1), i^; *, *; S), (8.33) 

7r2(L(^\ *, *; 5) x 7r2(X; i^^)) ^ 7r2(L(^\ *, *; S) 

which we denote all by 

We consider a three-parameter family of compatible almost complex structures 
Js,T,t given by 

Js,T,t = i'txsir)'^- 

Then it satisfies: 

J-r-s,t T is sufficiently small and S > Sq, 
JT-s,t T is sufficiently large and S > So, 
Js,r,t = {J t = 0, (8.34) 

J 5 = 0. 

Definition 8.35. Consider the moduli space of maps satisfying (1) - (3) above and 
of homotopy class /3 e 7r2(i^°\ i^^^; *, *) and satisfying the following equation 

^ + *,«(t)=0. (8.35) 



For each < 5 < 00, we denote the moduli space by 

A^-^(LW,lW; *,*;/?). 

We also put 

A4V^^(L«,LW;*,*;/3) 

and define 

Al-g(iW, L(0); *,*;/?; para) = |J ({5} x A1-s(lW, L^; *, *; /?)). 

se[o,+cx>] 

We can also include interior and boundary marked points and compactify the cor- 
responding moduli space which then gives rise to the moduli space 

A^fe„fc„;^(L«,i:W;*,*;/3;para). 
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We define the evaluation maps 
and 

ev±oo ■■ Mk,MrAL'''\L'^°^;^, /?) Liu). 

Here 

ev±oo{v) = lim 'p{T,t). 

T — ^±00 

Using ew'"* we take fiber product witli D{p) and obtain Aiki.koieiL^^'^ , L^^^; [3] para] p). 

Lemma 8.36. Mk-^^ka;i{L'^^\ L^^^; *; [3;para; p) has an oriented Kuranishi struc- 
ture with corners. Its boundary is a union of the following six types of fiber products 
as a space with Kuranishi structure: 

(1) 

Xfei+i;£'(^H;/9';Pi) et-o Xe^(i) Mk'^ Mo.e" (L'-^K L'^^^ * , para; P" ; p^) . 
Here the notations are the same as Lemma \8.9\ (2) and l\8.13^ . 

(2) 

Here the notations are the same as Lemma \8.9\ (3) and l\8.13\i . 

(3) 

Mk[,k'„;i'{L^^\ L^"'';*,*; 0';para;pj^)ev+^ Xe^^ Mk['+k'^+i;i"{L{u); P";p2), 
where + k'J = k^, £' + £" = £, /3'#/3" = /3 and ffKlM . 

(4) 

Mk[+k'„+ui'{L{u);f3';Pi)evo Xe„_^ Mk'^ M-;e"{L'-^\ L'-°^ f3" ;para;p^), 
where k^ + k'J = k^, f + £" ^ £, /?'#/?" = /? and (fOl) . 

(5) 

Mk'^,k'„e'iL^'\L(°^:*,P: Pi:C'+) X Mk'^',k'-,i"{L^'\L("^;P, *; P2; C^-) 

w/iere fc^ + k^ = fc^, f + £" = ^, C;#C:: = /3 and ([123). 

(6) A space j\4ki+ko+2;e{L{u); f3;p). There exists an R action on it such that 
the quotient space is A4ki+ka+2-i{L{u); P;p) . 

Proof. The proof is similar to the proofs of Lemma [8.311 etc. 
We remark that the case S = 00 corresponds to (5). 

The case when 5 = corresponds to (6). In fact Xo(''':i) — 0- So the boundary 
condition reduces (p{d{R x [0, 1])) C L{u) and the equation (|8.35p is J holomorphic- 
ity. The r-translations define an M-action on the moduli space at the part 5* = 0. 
The quotient space is the moduli space of holomorphic discs with boundary and 
interior marked points. 

To construct a Kuranishi chart in a neighborhood of 5* = 00, we need to choose 
a smooth structure of [0, 00] at 00. We can do this so that the coordinate change of 
the Kuranishi structure is smooth using the standard exponential decay estimate: 
Namely, for a sufficiently large 5", every element of L^^^; *, *; /3), together 

with its S'-derivatives, is close to an element of A^J^s(L'"^', i'"^; *, /3) in the order 
ofCe-'^^. We can prove this estimate in a way similar to the proof of Lemma Al.58 
[FOOOSj (= Lemma Al.58 jF0002| V □ 
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Lemma 8.37. There exists a continuous family 5 of multisections on our moduli 
space Aiki,ko;i{L^^\ L^^^; *,^] P;para;p) such that it is compatible in the sense of 
Definition \12.8\ and also compatible with the one constructed before in the induction 
process at the boundaries described in Lemma \8.36l Moreover ev±oc are submersions 
on the moduli space perturbed by this family. 

Proof. The proof is the same as the proof of Lemma 18.321 □ 

We use 7r2(L(^\L(°);*,*;S') ^ 'K2{X,L{u)) to define p : ttzCL^^), L'"'; *, *; 5) ^ 
C \ {0}, as the composition 

7r2(i(i), *; S) ^ n^iX, L{u)) ^ 7ri(i(u)) ^ C \ {0}. 

There is an obvious compatibility relation of this p and other p's and Comp's we 
defined before through #. 

Now let (3 G 7r2(L(i\ *; S), p e Map{£,B). Let h'f ^ {i ^ 1, . . . , kj) and h 

be differential forms on L'-'^ and on L{u), respectively. We will define an element 

i)p.,tMMiSD{p); h['\ hi\^;h; hf\ 4°^) e n{L{u))§iA (8.36) 

by 

M{SD{py,h['\..., hi\^ ; h; h'('^ , . . . , 4°^ ) 

1 (8-37) 

= -pimev+oomev^''>*h^'^ A ev*_^h A ei;(°)*/i(")). 

Here {ev+oo)\ is the integration along fiber of the map 

ev+^ : Mk,MAL^^\L^°^-^ Pipara; pY ^ L{u) (8.38) 

of our moduli space which is perturbed by the continuous family s of perturba- 
tions given in Lemma 18.371 More precisely we apply Definition 112.111 to Mg = 
2,(u)fco+i+fci^ A/t = L{u), M - Mk,.k„AL^^\ L<-°^-,*^*-^ P-^Para;p), and ev, = 
{ev'^^\ev-oo,ev'^^^), evt — ev+oo- We then obtain (|8.38p . 
The family of the maps i)i3-i:ki,ko induce a homomorphism 

()^ : S((17(L(i))g Ao)[l])® (17(L(w))iA))[l] 

<E> B((r!(L(")) § Ao))[l]) — ^ n{L{u))[l]§)A. 

Now we define 

\) : n{L{u)) § A -> n{L{u)) § A 

by 

l}{h) = J2 r'^"'^/^''()/3(e^ ef+ ® /i ® 6?+). (8.39) 

P 

Lemma 8.38. t) is a chain homotopy from the identity to go f. 

Proof. Using Lemma 112.131 we can prove that do\) + l)odisa, sum of terms which 
are obtained from each of (1) - (6) of Lemma r8.36l in the same way as (|8.37p . (|8.39p . 
as follows. 

Using the fact qp(e''; 6*^+) is a harmonic form of degree in the same way as the 
proof of Lemma [8.20i we can show that the contributions of (1) and (2) vanish. 
The contributions of (3) and (4) are 

(m^'^ ~d)ot) 
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and 

[) o (mj'^ - d) 

respectively. The contribution of (5) is g o f. The contribution of (6) vanishes in 
the case when f3 ^ 0, because of extra E symmetry. The case /3 = gives rise to 
the identity. 

In sum, we use Stokes' formula to conclude 

o m\'^ + m\'^ o i) = 2 o f — id. 

We use the composition formula in Appendix (Lemma 112. ISp to prove the above 
formulae. The proof of Lemma 18.381 is now complete. □ 

We have thus proved that g o f is chain homotopic to the identity. We can prove 
f o g is chain homotopic to identity in the same way. The proof of Proposition 18. 341 
is now complete. □ 

We now explain the point mentioned in Remark 18.241 

We take a sequence Eq < Ei < ■ ■ ■ with Ei oo and then use a system of 
(continuous family of) multisections of the moduli spaces with energy < Ei to 
obtain 

: n{L{u))^^^^ CF (^(LW,p),(i(°),p); ^5^) ■ 

Here jF^j. is a Aq module. (It is not a ring but an abelian group.) The number 
c is the energy loss (See Definition 5.2.1 |F0003j = Definition 21.1 |F0002j .) c 
is estimated by Hofer distance of tp from the identity map (See subsection 5.3.5 
|F0003| = section 22.5 |F0002] 1 and is in particular independent of Ei. 
We can prove that for j > i, the homomorphism induces 



^{L{u))®j!^^ - CF (^(L(i),p), (i(°),p) 



T^^'-^Ao^ 

which is chain homotopic to f^;. . Therefore we can take projective limit and obtain 
f# : HF{{L{u), b,y), {L{u), b,y); Aq) ^ HF{{L^^\ b, V^*(y)), b,?);r-^Ao). 
We next define 



QE. : CF (^(i(i),p),(L("),p);-A£_^ ^ n{L{u))^ 



T^.-'^An 



in the same way as and take its projective limit to obtain 
g# : HF({L^^\b,Ml)). (i(°\ b, y); Aq) ^ HF[[L{u), b,y), (i(u), b,y);T-=Ao). 
We remark that QEi induces 







Therefore we have 



g^, o fE, : n{Liu)) g ^ n{L{u)) g ■ 



Now we can construct \)Ei which is a chain homotopy from g^^ o fsi to the map 
which is induced by the identity map. Therefore (f# o g#) 'S'Ao A is the identity 
map. In the same way (g# o f^) (g)A(, A is the identity map. The proof of Proposition 
18.221 is complete. 
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Hence, by using (|8.6p also, we have also completed the proof of Proposition [3T5l 
also. □ 

Remark 8.39. We gave the proof of the above proposition using de Rham co- 
homology. In [F0003j we gave a proof based on singular cohomology. Strictly 
speaking we only discussed in the case when b G i?^(L(u); A_|_) in |F0003| . But 
using Cho's idea of shifting the constant term by non-unitary flat connection, the 
proof of p0003 j can be easily generalized to the present situation of Ag). 
In fact Theorem 12.51 was proved in section 3.8 or 5.3 |F0003| (= section 13 or 22 
[F0002j ) by proving a statement similar to Proposition 18.221 from which we can 
derive Proposition 13. 151 (See also Remark [OSl ) 

The approach using de Rham cohomology is shorter but we cannot treat the 
results with Q-coefhcients, at least at the time of writing this article. Therefore 
we need to use singular homology version for that purpose. It might be possible to 
develop the Q de Rham theory for the purpose. We remark that by Lemma [6.8[ 
'PD"(b; 2/1, •• • , Un) is defined over the Q coefficients. To study quantum cohomol- 
ogy QH{X; Ao(Q)) this de Rham version will be enough. 

Proof of Theorem \3.19l This is a straightforward combination of the proofs of Propo- 
sition ES] and Theorem J [F0003j . □ 



9. Domain of definition of potential function with bulk 

The purpose of this section is to prove Theorem 13. Ill Theorem 13. Ill is not used 
in the other part of this paper except in section [11] but will be used in the sequel 
of this series of papers. 

Proof of Theorem lS.lli We recall that Di, . . . , Dm are of complex codimension one 
in X and D.,n+i, . . . ,Db arc of higher complex codimension. Let p £ Map{t,B). 
We put 

|p|high = #{j I P(j) > "^}- 

Lemma 9.1. For any E we have 

sup{|p|high I c(/3, p) ^ 0, /3 n w < £;} < C{E), 

where C{E) depends only on E and X. Here the supremum in the left hand side is 
taken over I and p e Map{i,B_). 

Proof. If |p|high = A/" and c(/3,p) ^ then 2JV < fi{f3) by the dimension counting. 
The lemma then follows from Proposition 16. II f5) and Gromov's compactness. □ 

We denote by Map{£+,B_ \ m) be the set of the maps {1, . . . , £^} B_ \ m ~ 
{m+l,...,B}. We put 

M+ = [jMap{£+,B\m). 
For p^ e Map{ij^, B_ \ to) and li,. . . ,£m we define p = (^i p^) by 
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Lemma 9.2. If p ~ {£i, . . . ,£m',P+) then 

m 

c(p;/3) =c(p+;/3)n(/3nA/'. 

1=1 

Proof. By the dimensional reason 

dimAli,|p^|(L(M);/3;p+) = n 

and c(p_,_; (3) is the degree of the map 

evo : Xi,|p^| /?; p+) ^ L{u). (9.2) 

Note All ip^i (i(u); /3; p_|_) after perturbation is a space with triangulation and the 
weight in Q, which is defined by the multiphcity and the order of the isotropy group. 
So it has a fundamental cycle over Q. 

We fix a regular value po G L{u) of (|9.2p . Let 

evo^iPo) = Wj I j = 1, • ■ • 

be its preimage. Each of its elements contributes to c(p_|_;/3) by ej e Q so that 
Eej = c(p+;/3). 

We remark that our counting problem to calculate c(p; /?) is well-defined in the 
sense of Lemma 16.81 Therefore we can perform the calculation in the homology 
level using Lemma [13] (3) to find that each of (pj contributes ej YiiLiiP ^ -D,)^' to 
c(p;/3). The lemma follows. □ 

Now we are ready to complete the proof of Theorem 13. Ill By Lemmata l7.11 \9l2\ 
and 16.51 (6) and Formula (|7.2p . we find 

^D''{wi,...,wb;t) 

= v V V + - - - + + \p+\y- \ '"p+(i) • • • ^p+(ip+i) 

T^n-/2-c(p+;/3) (j[{f3nD,Y'^ • • w;^- exp(9/3 n y) (9.3) 

1^ |„ |, ^'p+(i)---^P+(lp+l)^ 
/3 p+eA/+ l^+l- 

• • •<^^'"yi(«)^'^^- • • •2/„(u)^'5n-. 
By Lemma this series converges on O^-adic topology for any u e IntP. 
Remark 9.3. In the second equality in (|9.3p . beside the identity 

eMdp n y) - yiiuf^""^^ • • • T/nH^^^^^, 
we also use the definition of tOi 

OG U 

ID, := expwi = 2_, (9-4) 

k=Q 

(See the line right above (13. 8p .) If we replace the formal variable Wi by a number 
Ci G C and roi by d = ef^ E C, then the second equality ()9.3p still holds. However 
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the convergence in the left hand side of 

k=0 

is with respect to the usual Archimedean topology of C and is not with respect to 
the non- Archimedean topology we are using here. 

Now we examine the dependence of this sum on u's. Firstly, through the isomor- 
phism ipu '■ H*{T'^\'L) H*{L{u);'Z), we may regard /3 or f3j arc independent of 
u and so are the coefficients a^-'s. Secondly by the structure theorem, Proposition 
16.11 the moduli spaces associated to a given (3 are all isomorphic and so can be 
canonically identified when u £ IntP varies. Thirdly the two factors T'"^'^/^'^ and 
yi{u)^^'^'^^ ■ ■ ■ Uniu)^^^^" depending on u can be combined into 

m 

where (3 — ^jPj H2{X, L{u)) and then Lemma |3 . 71 showed that Zj{u) o i/)„ are 
independent of u € IntP. Therefore the composition o ip^ is independent of 
It's. This proves Theorem 13. Ill (1). We denote the common function by 

Now if we regard as a a function defined on ^(A_|.) x _ff^(r"; Aq), we can 
easily derive from the expression (|9.3p that *pD lies in A^((lr, Vo~^ ,w, y, y~^))- 

The proofs of Theorem 13.111 are now complete. □ 

We recall that X is nef if and only if every holomorphic sphere w : ^ X 
satisfies w*[iS'^] fl Ci{X) > 0. In the nef case we can prove the following statement 
which is somewhat similar to Proposition 14. 1 1] 

Proposition 9.4. If X is nef and b is as in then we have 

K a(l) m 

'PD"(b;2;) = ^^T^'(exp(b,,,)+Q,,(b))/-('-)+ J] T^'f") (l+c.(b))/- , (9.5) 
;=i j=i i=K+i 

where Ci(b),Qj(b) G A+. 

Proof. Let /3 e H2{X, L{u);Z) with ^(/3) = 2. We assume M'^f'^{L{u), (3) is 
nonempty. Let 

m 

i=l j 

be as in Proposition 16. II f5). Since aj n ci{X) > by assumption, it follows from 
the condition /x(/3) — 2 that there exists unique i such that ki = 1 and other ki is 
zero. Moreover aj n ci{X) — 0. Hence if /3 is not Pi then 

j 

This 13 contributes 

to ^D"(b; y). The rest of the proof is the same as the proof of Proposition l4.11l □ 
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10. EULER VECTOR FIELD 

The formula ()9.3p derived in the previous section yields an interesting conse- 
quence which is related to the Euler vector field on a Frobenius manifold and to 
our potential function. In a sequel of this series of papers, we will further discuss 
the Frobenius manifold structure on the quantum cohomology and on the Jacobian 
ring of our potential function and their relationship. (See Remark 110.31 ) 

For i = 1, • • • , B, let di be the degree of Di e A. (That is twice of the real 
codimension of the corresponding faces of P.) In case di ~ 2 (that is i < m) we 
put 

2r, = [A] n hl{u) e z. 

Here ^jll(u) G Hom{Tr2{X, L{u));Z) = H'^(X, L{u);Z,) is the Maslov index. 
Definition 10.1. We define the Euler vector field £ on ^ by 

i—m+l ^ ^ 2—1 

Theorem 10.2. The directional derivative along the vector field € satisfies 

Proof. The proof is similar to the proof of a similar identity for the case of the 
Gromov-Witten potentials. (See [Dub] for example.) Let 

B 



y: (1 ^ 



i=m+l 



I "^it: — 
2 / owi 



i—1 

^^/3,i= 2^ |p 1, ^P+(i)---^P+(|P 

p+GAf+ l^+l- 

Since dim A^i.|p^|(L(w), /3; p^) — n, it follows that 

n-2 + AiL(„)(/3)+X!(2-dcgp+(^)) = 



Therefore 



On the other hand, we have 

by definition. Theorem 110.21 now follows from (|9.3[) . □ 

Remark 10.3. In a sequel of this series of papers, we will prove the ring isomor- 
phism 

$ : {H{X;Ao),u') = ^^^^^^'^''^^ (10-1) 
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for arbitrary compact toric manifold (which is not necessarily Fano). Here the 
product u'' in the left hand side is defined by the formula 

(aiU''a2,a3>PD= J2 E Ji GW^a,«+3(ai, aa, ag, b«0 

where 



GWa,m{Cl, . . . , Cm) = eV* {Ci X ■ ■ ■ X Cm), 

Mmict) is the moduli space of the stable maps of genus with m marked points in 
homology class a, and ev : A^,„(a) X"^ is the evaluation map. ((,)pd denotes 
the Poincare duality.) 

The isomorphism (|10.ip is defined as follows. We choose a lift 

0i/'*(X;Ao)-7^(Ao) C^(Ao). 

Using its basis fa we write an element of H(Ao) as X^a^a^o- Then (jlO.ip sends fa 
to 

d 



-^D]{b;y) 



^dWa 

We can prove that this map is a ring isomorphism by an argument which elaborates 
the discussion outlined in Remark 6.15 |F0004) . We will work it out in detail in 
a sequel of this scries of papers. 

We will also prove in a sequel of this series of papers that if *p£) ^ has only non- 
degenerate critical point, then (|10.1|) sends Poincare duality to the residue pairing. 
Here the residue pairing is defined, in the case when X is nef and deg b = 2, as 
foUowfQ: By nondegeneracy assumption we have a ring isomorphism 

/ avo, . , Y®''" ^ ^^ ^ 

(See Proposition 7.10 |F0004| . It can be generalized to the non-Fano case.) Here 
Crit(^pO[,) is the set of critical points of Let Ip be the imit e A in the factor 

corresponding to p. We then put 



ifp^g, 

(detHesSp«|5D;')"^ if P = g- 



(Ip, Ig 

Here 

'•-'"'^j - (SS'j « 

is the Hessian matrix at y = (yi, . . . , j;„), e^' = tji, e^' — yi, and (T"if)i, . . . ,T""f)„) — 
p. Then we have: 

(C,C))PD = ($(c),$(t)))rcs (10.3) 

The proof of (110. 3p . which we will give in a sequel of this series of papers, uses 
the moduli space of pseudo-holomorphic annuli bordered to our Lagrangian fiber 
Liu). 



^See the paper "Lagrangian Floer theory and mirror symmetry on compact toric manifolds I" 
by Fukaya-Oh-Ohta-Ono (in preparation) for the general case. 
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In the mean time, here we illustrate the identity (|10.3p for the simple case X — 
CP^, b = 0. (See |Ta] .) Its moment polytope is [0, 1]. The potential function is: 

'PDj;(y)=.T"y + ri-"y-i. 

The critical points are given at w = 1/2 and y = ±1. We denote them by p-f-,p^ 
respectively. We have 

Hessp+^PD^^ = HesSp.^pD^^ = -2T^/^. 

(Note we here take x = logy as a variable.) Therefore 

\-^p+ 7 /res / ^5 1 P- /res / \ P+ ' P- /res ^■ 

We consider PL'[p<] e H^{CP^) and identify it with [7r^^(0)]. Then the isomor- 
phism (fTOTj) sends Pi:i[pt] to T"?; mod (y^^f^) • At m = 1/2, the latter becomes 
p_) in the Jacobian ring, which can be easily seen from the identity 

On the other hand PD[CP'^] G H^iCP'^) is the unit and so becomes Ip^ + lp_ . We 
have 

(T^/'^d -1)1 A-1 ) =1 

\ V P+ P-/' p+ ~ -^p-/res 

This is consistent with the corresponding pairing 

{PD[pt],PD[CP^])pu = {PD[pt] U PD[CP^]) n [CP^] = 1 

in the quantum cohomology side. 

We recall that collection of a product structure on the tangent space, residue 
pairing, Euler vector field, and the unit consists of the data which determine Saito's 
flat structure (that is, the structure of Frobenius manifold) Sa . 

11. Deformation by b e AIAq) 

In sections ID and m we used the bulk deformation of Lagrangian Floer cohomol- 
ogy by the divisor cycles b G .4(A+). Actually using the result of section [9l most 
of the argument there can be generalized to the case where b £ .4(Ao) by a minor 
modification. In this section we discuss this and some new phenomena appearing 
in the deformation by b € ^(Aq). 

In this section we consider the case R = C (See Remark 111 .51 however.) We 
write Aq etc. in place of Ao(C) etc.. 

We first remark that the potential function CpD^(?/i, . . . , y„) = *pD"(b; yi, . . . , y„) 
itself can be defined for b € -4(Ao) by the formula 

^Dtiyi, . . . ,y„) = r'^^"/''^qw(^''';^' ■ • ■ '^)' 

I3;e,k 

where b = ^x^Gi, y^ = e^'. Here the right hand side converges by (|9.3p . The 
convergence is a mixture of T adic convergence and the convergence with respect 
to the usual topology of C. See Remark l9.3l 

But the definition of the leading term equation (|4.9p . Definition 14.31 need some 
minor modification which is in order. We put 

b = ^aDa e AiAo) 
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and consider its zero order term 

ba = ba mod A+ 

where ba € C. We put 

a{l) 

-^cxp(b,(,,,))/'- eC[yi,i,...,2/J(,)]. (11.1) 

r=l 

We define the leading term equation for 

»,.f2^ = (11.2, 

for b e ^(Aq) in tlie same way as Definition 14.31 by using (|ll.ip in place of (|4.6p . 

We remark that only ba, a — 1,. . . ,m appear in (|11.1[) . In other words, coeffi- 
cients of the cohomology classes Da of degree > 2 do not affect the leading term 
equation. 

Lemma 11.1. Lemma \4^ holds also for b G ^(Aq). 

Proof. The formula (|9.3p implies that the coefficient of y"'-"^ (r = l,...,a(l)) in 
*PD^ is T'^' exp(bi(;_r))- The rest of the proof is the same as the proof of Lemma 
14:1 ' □ 



The leading term equation is of the form 

a{l) 

= ^exp(bj(;_r))y"''"w/,r. 

r=l 

By varying bi the coefficients exp(bi) can assume all elements from C \ {0}. 
Definition 11.2. A system of polynomial equations 

a(l) 

= Q(/,r)y'"'"W/,r 



r=l 



with Ci(^i r) G C \ {0}, Z = 1, • • • A' is called a generalized leading term equation. 
Now Theorem 14.71 is generalized as follows. 

Proposition 11.3. The following two conditions for u are equivalent to each other. 

(1) There exists a generalized leading term equation o/*PDq, which has a so- 
lution yij G C \ {0}. 

(2) There exists b G ^(Aq) such that ^O'^ has a critical point on (Aq \ A4.)". 

Proof. (2) (1) follows from Lemma [11.11 Let us assume that the generalized 
leading term equation with Ci(/ a coefficient has a solution t)i,s G C \ {0}. We 
put bi(i^r) = log C'i(;,r)- Then we can add higher order term in the same way as the 
proof of Theorem 14.71 to obtain b such that r);,s is a solution of ()11.2p . □ 

Proposition 11.4. Theorem lS . 1 2\ and Provosition \3.15\ hold for b G A{Kq). 

Proof. The proof goes in the way similar to those of Theorem l3.12l and Proposition 
13. 151 using (19. 3p . We however need to modify the definition m^'*' so that it converges 
for b G .4(Ao) as follows. 
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We remark that (|9.3p and Lemma 19.21 are stated only in the case of moduli 
spaces A^ijpI /3; p) of dimension n, that is the moduli space used to define 

This is because it is cumbersome to appropriately generalize the proofs of Lemma 
19.21 for other dimensions. The simplest way to go around this trouble is to make 
the formula similar to (|9.3[) as a 'definition' of modified q operator, and proceed as 
follows. 

Let q^""j. be the restriction of ()6.10p to T" invariant forms. We divide 

b = bo + bhigh 

where bo e yl^(Ao) and bhigh G 0fc>i -^^'^(Ao)- We now define 

ml^^'ix,, ...,xk) = ^r''"^''/^V(a/3)q^':Z,(bf'4;e-'+xie^+ • • •ef+Xfce^+) (11.3) 

1,13 

where we write y = yo + y+ and define p using yo as in Definition 18.11 

We can prove Aoa relation for m^'*^'' by using the fact that /3 i— > e^'^''" is a 

homomorphism from H2{X, L; Z) to Ao \ A+. 

(|9.3p implies that for Xi G iJ^(L(u); A+) we have 

ml''''ixi, ...,Xk)^J2 7^^""/'X5/3)q^;V(b®^ ef+xie^+ • • • e^^XkC^^). 

0,1 

Here the right hand side converges by Formula ()9.3|) . In particular 
??D"(b;y + .T)=^mt;^''(x,...,a;). 

A;=0 

Moreover m^'*^'' converges for any b G yl(Ao). The proof of this convergence is 
similar to the proof of Theorem 13.41 given in section [T] 

We can use this operator m^''^'' in place of tn^'^. It is then straightforward 
to see that the proof Theorem 13.121 and Proposition 13.151 go through after minor 
modification for b S ^(Aq). □ 

Remark 11.5. Let i? be a field such that Q C i? C C. Even if we assume 
b = ^ baDa G ^(Ao(i?)), it does not imply 

mi)ieR[y^,,,...,y-X,^]. (11.4) 

In fact exp(bi(r,s)) may not be an element of R. (This point is related to Remark 
19.31 ) An appropriate condition for (111.4^ to hold is 

exp(bi) G Ao(i?) 

for i = 1, . . . , TO. 
Example 11.6. We put 

P {(Ui, ^2) I < Ui, ^2, Ul + U2 < 1, 1*2 < 2/3}. 

P is a moment polytope of monotone one point blow up of CP^. We consider 
u = (1/3, 1/3). L{u) is a monotone Lagrangian submanifold. We put 

D2 ^ TT-\{{UI,U2) ^ P \ U2 = {)}). 

Let be = (logc)[Z?2]. where c G C \ {0}. Proposition l4. 91 implies 

^D"(be; yi, y2) - T^'^{yi + cy2 + y2^ + (^1^2)^'). 
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Thus the critical point is given by 

1 - yi^y2^ = = c - ^2^2 - yr^t/a"^- 
The first equation gives j/2 = Ui^ ■ Hence the second equation becomes 

c-yi-yl = Q. (11.5) 

(|11.5p has a nonzero multiple root yi = —3/4 if c = —27/256. 

Namely if b = (log(— 27/256)) [1)2], then has a degenerate critical point of 

type A2. 

Example 11.7. We again consider the example of two points blow up in section 
[5] Namely its moment polytope is (|5.ip with (3 = We consider the point u — 
{(3,(3). We put D2 = 7r~^({(wi,M2) G P | U2 = 0}), and consider be = (logc)[D2]- 
We have 

??D"(b,; 2/1, y2) = T^{cy2 + % ' + ?/i + 2/12/2) + T^" ^'2/2''- 
The (generalized) leading term equation is 

c- y2"^ + 2/1 = = 1 + y2- 
It has a nonzero solution (1 — c, — l)ifc7^1. Hence there exists h such that 
HF{{L{u), (be, 6)), {L{u), (be, 5)); A) ^ 

if and only if c 7^ 1 . 

If we deform only by b € A+ then c = 1. Namely there is no such h with 
nontrivial Floer cohomology. We remark that L{u) is bulk-balanced in the sense of 
Definition 13. 131 since it is a limit of balanced fibers. 

The authors do not know an example of L{u) that carries a pair (b, 6) with 
b e y4.(Ao), 6 e H^{L; Aq) for which we have 

i/F((L(M),(b,5)),(L(u),(b,6));A)^0, 

but which is not bulk-balanced in the sense of Definition 13.131 

12. Appendix: Continuous family of multisections 

In this section we review the techniques of using a continuous family of multi- 
sections and integration along the fiber on their zero sets so that smooth corre- 
spondence by spaces with Kuranishi structure induces a map between de Rham 
complex. We used it in section [H 

This technique is not new and is known to various people. In fact |Ru| . section 
16 [FuT] use a similar technique and section 7.5 |F0003j (= section 33 [F0Q02j ). 
[Fu2j ■ [Fu3j contain almost the same argument as we describe below. We include 
the details here for reader's convenience. 

Let be a space with Kuranishi structure and eVg : A4 Ms, evt : A4 Mt 
be strongly continuous smooth maps. (See Definition 6.6 |FOj and the description 
below.) (Here s and t stand for source and target, respectively.) We assume our 
smooth manifolds Mg , Mt are compact and oriented without boundary. We also 
assume M has a tangent bundle and is oriented in the sense of Kuranishi structure. 
(See Definition Al.14 |F0003| = Definition A1.14 [F0002j and the description 
below.) 
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Remark 12.1. We may relax the orientability assumption above by using local 
coefBcients in the same way as section A2 jFOOOSj (= section A2 IF0002j ). We 
do not discuss it here since we do not need this generalization in this paper. 

We include the case when M has a boundary or corner. We assume that evt is 
weakly submersive. (See A1.13 |F0003j (= Al.13 [F0002j ) and the description 
below.) In this situation we will construct the map 

{M;evs,evt)^ : n^M^ f^fc+d™ A/t-dim (^2.1) 

We call (|12.ip . the smooth correspondence map associated to {A4;evs,evt). 

The space ^A is covered by a finite number of Kuranishi charts {Va , Ea , Fq , V'a , Sq ) , 
a e 21. They satisfy [F0004| Condition B.l. 

We assume that {{Va, Ea,Ta,ipa, Sa) | a G 21} is a good coordinate system, 
in the sense of Definition 6.1 [FO] or Lemma Al.ll |F0003| (= Lemma Al.ll 
|F0002| ). This means the following: The set 21 has a partial order <, where 
either ai < a2 or a2 < cti holds for ai, 012 G 21 if 

V'o, {Sal (0)/ra, ) n {Sal (0)/ro. ) 0. 

Let ai,a2 G 21 and ai < a2- Then, there exists a Fa^ -invariant open subset 
Va2,ai C Vai, a smooth embedding 

'/^Q2,CKi ■ Va2.a-i ^ Va2 

and a bundle map 

which covers >fa2,ai- Moreover there exists an injective homomorphism 

We require that they satisfy |F0004j Conditions B.2, B.3. 

A strongly continuous smooth map evt : A4 — > Mt is a family of Ta invariant 
smooth maps 

evt.a -.Va^Mt (12.2) 

which induces 

: Va/Ta -> Mt 

such that 

on Va2,ai/^a- (Notc Ta action on Mt is trivial.) eVs : Ai — * Mg consists of a 
similar family, eVg-a '■ Va ~^ Ms- 

Our assumption that evt is weakly submersive means that each of evt;a in (|12.2p 
is a submersion. 

We next review on the multisections. (See section 3 |F0| .) Let {Va, Ea,Ta,ipa, Sa) 
be a Kuranishi chart of Ai. For a; S Vq we consider the fiber Ea^x of the bundle 
Ea at X. We take its I copies and consider the direct product E^^ ,^. We take the 
quotient thereof by the action of symmetric group of order l\ and let S'{Ea,x) be 
the quotient space. There exists a map 

tnim : S^{Ea,x) S''™'{Ea,x), 

which sends [ai, . . . , ai] to 

[ai, . . . ,ai, . . . ,ai, . . . ,ai]. 



m copies 



m copies 
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A smooth multisection s of the orbibundle 
consists of an open covering 

i 

and Si which maps x £ Ui to Si{x) £ S'''{Ea,x)- They are required to satisfy 
[F0Q04j Condition B.12. 

We identify two multisections {{U^}, {s^}, {k}), ({[//}, {s^}, {l[}) if 

tmi^{s^{x)) = tmi,{s'j{x)) g 

on Ui n U'y We say s^.j to be a branch of Si. 

We next discuss a continuous family of multisections and their transversality. Let 
Wa be a finite dimensional smooth oriented manifold and consider the pull-back 
bundle 

-> iy„ X 14 

under the projection tTq : Wa x — > Vq. The action of Fq on Wa is, by definition, 
trivial. 

Definition 12.2. (1) A M^-parameterized family Sq of multisections is by def- 
inition a multisection of 7r*i?a- 

(2) We fix a metric of our bundle Ea- We say Sa is e-close to Sa in C° topology 
if the following holds. Let {w,x) € Wa x Va- Then for any branch 5a,i,j of 
Sq we have 

\Sa,i,j{w, - - -) - Sa{- - -)\co < £ 

in a neighborhood of x- 

(3) Sa is said to be transversal to if any branch 5a,i.j of Sq is transversal to 
0. 

(4) Let fa'-Va^ M be a Fcj-equivariant smooth map. We assume that Sa is 
transversal to 0. We then say that /al5-i(o) ^ submersion if the following 
holds: Let {w, x) G Wa x Va- Then for any branch Sa.i.j of Sq the restriction 
of 

faOTTa-WaXVa^ M 

to 

{iw,x)\Sa,^A^■.^)^0} (12-3) 

is a submersion. We remark that (|12.3p is a smooth manifold by our as- 
sumption. 

Remark 12.3. In case A4 has a boundary or a corner, so does (|12.3p . In this case 
we require that the restriction of fa to each of the stratum of (|12.3p is a submersion. 

Lemma 12.4. We assume that fa'-Va—^Misa submersion- Then there exists 
Wa such that for any e there exists a Wa -parameterized family Sa of multisections 
which is e close to Sa, transversal to and such that /alj-ijo) a submersion. 

If Sa is already given and satisfies the required condition on a neighborhood of a 
Ta invariant compact set Ka C Va, then we may extend it to the whole Va without 
changing it on Ka- 

In the course of the proof of Lemma 112.41 we need to shrink Va slightly. We do 
not mention it explicitly. 
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Proof. We may choose Wa to be a vector space of sufficiently large dimension so 
that there exists a surjective bundle map 

Sur -.WaXVa^ Ea- (12.4) 

We remark that (112. 4p is not necessarily r^-equi variant. We put 

5^^\w, x) — Sur(it;, x) + Sa{x). 

We put 

5a\w,x) = YliB[^\w,x),...,-^g5'^^\w,x)] 

where Fq, = {71, . . . , 7^}. s*^^^ defines a multisection on Wa x which is transversal 
to by construction. Moreover since (si^'')"^(0) is a submersion it follows 

from assumption that /a|(j.(2)j_i^g^ is a submersion. By replacing Wa to a small 

neighborhood of 0, we can choose Sa which is sufficiently close to Sa- 

The last part of the lemma can be proved by using an appropriate partition of 
unity in the same way as section 3 |F0| . □ 

Now let 0a be a smooth differential form of compact support on Va ■ We assume 
that 6a is Fa-invariant. Let fa'-Va^ M be a F^ equivariant submersion. (The 
Ta action on M is trivial.) Let Sa satisfy the conclusion of Lemma [12.41 We put 
a smooth measure LUa on Wa of compact support with total mass 1. By fixing an 
orientation on Wa we regard uja as a differential form of top degree. We have 

LUa = 1- (12.5) 

We next define integration along the fiber 

{{Va,Ea,ra,i^a,Sa), {Wa,iOa),Sa, faU^a) € n^-sOM. M-dna M 

Let {Ui,5a,i) be a representative of Sq. Namely {Ui | i G /} is an open covering of 
Wa X Va and Sa is represented by Sa.i on Ui. By the definition of the multisection, 
Ui is Fct-invariant. We may shrink Ui, if necessary, so that there exists a lifting 
~Sa,z = {5a,t,i, ■ ■ ■,Sa.i,h) as in |F0004j (B.IO). 

Let {xi I i € /} be a partition of unity subordinate to the covering {Ui \ i £ /}. 
By replacing Xi with its average over F^ we may assume Xi is Fa-invariant. 

We put 

Vl,(0) = {(^"'2;) e [/, I 5a,^,J{w,x) - 0}. (12.6) 



By assumption \ ^ (0) is a smooth manifold and 



/aO^aUi ,,,:~s-UO)^M (12.7) 



is a submersion. 
Definition 12.5. We define 

{(ya,Ea,Ta,^Pa, Sa), (Wa,UJa),Sa, fa)*{Oa) 
I h 



(12.i 



^=l j = l 



Here (fa o tTqIj-i jq-j)] is the integration along the fiber of the smooth submersion 
(fT2Jl) . 
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Lemma 12.6. The right hand side of H12.8\ i depends only on (Va, Ea,Ta,iJJa, Sa), 
{Wa,uja), Sa, fa, ciud 9a but independent of the following choices: 

(1) The choice of representatives {{Ui},Sa,i) of Sa- 

(2) The lifting s a. i- 

(3) The partition of unity Xi- 

Proof. The proof is straightforward generahzation of the proof of well-definedness 
of integration on manifold, which can be found in text books of manifold theory, 
and is left to the reader. □ 

So far we have been working on one Kuranishi chart (Vq, i?ct, Fq, i/iq, Sq). We 
next describe the compatibility conditions among the VFq, -parameterized families 
of multisections for various a. During the construction we need to shrink Va & bit 
several times. We will not mention explicitly this point henceforth. 

Remark 12.7. The discussion below is a Wa parametrized version of |F0004] 
section C. 

Let ai < 012- For ai < Q!2j we take the normal bundle A'^Va,,^! ^2 ^^^Vag^cti ai ) 
in Vq,2 . We use an appropriate F^^ invariant Riemannian metric on to define 
the exponential map 

Exp„^_„^ : B,Nv^^^^Va2 ^ K... (12.9) 

(Here B^Ny^^ „^ Va2 is the e neighborhood of the zero section of Ny^^ Vq^ .) 

Using Exp^^ Q,^, we identify B^Ny^^ 0.1^^0,2 /^ai to an open subset of Vai/Ta-^ 
and denote it by Ue{Va2.ai/^ai)- 

Using the projection 

we extend the orbibundle E^-^ to U^(Va2,ai/^ai)- Also we extend the embedding 
Eai .ai^a2-> (which is induced by 9-^02,0:1 

) to U^{Va2,aJ'i^ai)- 

We fix a F^-invariant inner product of the bundles Ea- We then have a bundle 
isomorphism 

i?02=i?a.©^%i^ (12.10) 

on Ue{Va2.ai/^ai)- We Can use |F0004| Condition B.3 to modify Exp^^ ^.^ in 
(fT^ so that |F0004| Condition C.3 is satisfied. 

Let be a finite dimensional manifold and Sai a multisection of ■n'^_^Ea-^ on 
Wai X Vaj. We put Wa2 — W^ai X W , whcrc W will be defined later. 

Definition 12.8. A multisection Sq^ of Wa2 x Va2 is said to be compatible with 
Sat if tl^e following holds for each y ^ Exp^^^^^(2/) e U^{ya2,at/'^at)- 

5a2{{w,'w'),y)^5aAw,Vi{y))®dsa.^{y TCLoATVat). (12.11) 

We remark that (w, Pr(y)) is a multisection of 7r*^_EQ,j &nAdsa^{y mod TVa-^) 
is a (single valued) section. Therefore using (|12.10p the right hand side of (|12.1ip 
is an element oi S^^{Ea2)x [x — Pr(y)), and hence is regarded as a multisection of 
T:^^Ea2- In other words, we omit (pa2,ai in (|12.1ip . 

[F0004j Condition C.3 implies that the original Kuranishi map Sa satisfies 
the compatibility condition p2.1ip . We use this and (the proof of) Lemma [12.41 
and prove the following. Let evt : M. Mt be a weakly submersive strongly 
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smooth map. We choose a good coordinate system (V^, i?ct, Fq, -^q, Sq) and let 
: Va Mt be a local representative of evt . 

Lemma 12.9. We have Wa such that for each e there exists 5a, a W a -parameterized 
family of multisections with the following properties. 

(1) Sa is transversal to 0. 

(2) evt^a\^-^{Q) is a submersion. 

(3) Sa is e close to Sq,. 

(4) is compatible with Sai for each ai < cti. 

//{Sa} is already defined and satisfies (1) - (4) on a neighborhood of a compact set 
K <Z M, then we may choose Sa without changing it on K . 

Proof. The proof is by induction on a. (We remark that 2t (the totality of a's) is 
partially ordered.) For minimal a we use Lemma 112.41 to prove existence of s^. If 
we have constructed Sq,' for every a' smaller than a, then we use (I12.1ip to define 
Sq on a neighborhood of the images of Va,a' for various a' < a. They coincide 
on the overlapped part by the induction hypothesis and |F0004| Condition B.2. 
[F0004j Condition C.3 then implies that this is still e close to Sq. Therefore we 
can use Lemma 112.41 (the relative version) to extend it and obtain Sa • (We choose 
W at this step.) 

The proof of the last statement is similar. □ 

We choose measures LUa on Wa such that the measure is a direct product 
measure uja^ x lu' on Wa x W' if ai < a2. 

We next choose a partition of unity Xa subordinate to our Kuranishi charts. 
To define the notion of partition of unity, we need some notation. For ai < a2, 
we take the normal bundle Ny^ „ Va2 of ¥'02.01(^02,01) ^02- Let Pry^ ^ : 
-^K.2 ai^o2 ~* ^02,01 be the projection. We fix a Foj-invariant positive definite 
metric of Ny^^ Va2 and let Pa2,ai '■ -^1^02, ci ^02 ~^ [Oi 0°) be the norm with respect 
to this metric. (Actually we modify it so that it becomes compatible.) We fix a 
sufficiently small S and let : R ^ [0, 1] be a smooth function such that 



We push out our function Pa2.ai to Us{Va2,ai/^ai) and denote it by the same 
symbol. It is called a tubular distance function. Following |Ma| we assume the 
following compatibility condition for various tubular neighborhoods and tubular 
distance functions. 

Let ai < a2 < as- We assume the following equalities hold on the domain where 
both sides are defined. 




Let Us{Va2.ai /^ai) bc the image of the exponential map. Namely 

Us{Va2,aJra,) = {Exp(l-) | V G iVl/„„„, 1^2 /L [v) < S}. 




(12.12a) 
(12.12b) 



The existence of such system is proved in [Maj in more difficult situation than ours. 
(See also section 35.2 |F0002| .) 
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Let X eVa. We put 

2lx,+ = {a+ I X e Va^.a, a+ > a} 

21a;, _ = {a- I [x mod Tq] G ?75(Va,Q_ /rQ_ ), < a}. 
For G 2ta;,_ we take Xa_ such that Exp(a::Q_) = x. 

Definition 12.10. A system {xa | a G 21} of Fa-equivariant smooth functions 
Xa ■ Va ^ [0, 1] of compact support is said to be a partition of unity subordinate 
to our Kuranishi chart if: 

Xa{x)+ ^ x'^{Pa,a^{x))Xa.{Prv^_^_{Xa-)) + ^ Xa+ {'Pa+ .a{^)) = ^■ 

In |F0004"] Lemma C.6 we proved the existence of partition of unity subordinate 
to our Kuranishi chart. 

Now we consider the situation we start with. Namely we have two strongly 
continuous smooth maps 

evs : M-> Ms, evt : M ^ Mt 

and evt is weakly submersive. Let ft, be a differential form on Mg- We choose 
((Va, i^Q, Fc, V'a, Set), {Wa,ijJa), So) which Satisfies (1) - (4) of Lemma [12.91 We also 
choose a partition of unity Xa subordinate to our Kuranishi chart. We put 

da^ Xa[eVsOTTa)*h (12.13) 

which is a differential form on x Va- 
Definition 12.11. We define 

,UJa),5a,eVt,a)*{0a)- (12.14) 

a 

This is a smooth differential form on Mt- 

Remark 12.12. (1) Actually the right hand side of (|12.14p depends on the 
choice of ((Fq, Sq, F„, s^), (Wq, lJq), Sq). We write s to demonstrate 
this choice and write (Al; ews, eft,s)*(/i). 
(2) The right hand side of (|12.14p is independent of the choice of partition 
of unity. The proof is similar to the well-definiedness of integration on 
manifolds. 

In case M has a boundary dM, the choice ((Fq, i?c<, Fq, Sq,), (Wq, Wq), Sq) 
on M induces one for dM. We then have the following: 

Lemma 12.13 (Stokes' theorem). We have 

d{{M;eVs,evt,s)^{h)) = {M;eVs, evt,s)^,{dh) + {dM;eVs, evt,s)^{h). (12.15) 

We will discuss the sign at the end of this section. 

Proof. Using the partition of unity Xa it suffices to consider the case when A4 has 
only one Kuranishi chart Va ■ We use the open covering Ui of Va and the partition 
of unity again to see that we need only to study on one Ui. In that case (|12.15p is 
immediate from the usual Stokes' formula. □ 
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We consider the following situation. We assume is a space with Kuranishi 
structure with corners. Let dcM., c = 1, • • • , C be a decomposition of the boundary 
(9A1 into components. The intersection dcM n dc'M is a codimension 2 stratum of 
Ai if it is nonempty. We denote it by dcdJ^- (Actually there may be a case where 
there is a self intersection of dcM with itself. If it occurs there is a codimension 2 
stratum of M. corresponding to the self intersection points. We write it as dccM.-) 
dcM is regarded as a space with Kuranishi structure which we denote by the same 
symbol. (This is slightly imprecise in case there is a self intersection. Since the way 
to handle it is rather obvious we do not discuss it here.) The boundary of dcM is 
the union of dcd-M for various c'. (Actually we include the case c' = c. In that case 
we take two copies of dccM, which become components of the boundary of dcAi.) 

Now we have the following: 

Lemma 12.14. If there exist data Sc as in Remark \l2.12\ (1) on each ofdcAi. We 
assume that the restriction of Sc to dcc'M coincides with the restriction of 5c' to 
dcc'M.- We assume a similar compatibility at the self intersection dccM- 

Then there exists a datum 5 on M whose restriction to dcM. is 5c for each c. 

Proof. Using the compatibility condition we assumed we can define s in a neighbor- 
hood of the union dcAi over c. We can then extend it by using Lemma [12.91 □ 

We next discuss composition of smooth correspondences. We consider the fol- 
lowing situation. Let 

evs;st ■■ Mst Ms, evt-st ■ Mst Mt 
be as before such that evt-^st is weakly submersive. Let 

eVr-rs ■ Mrs ^ Mr, CVs-rs ■ Mrs Ms 

be a similar diagram such that evs-^rs is weakly submersive. We use the fact that 
eVs;rs is weakly submersive to define the fiber product 

Mir s evs-^rs ^evs.st Mist 

as a space with Kuranishi structure. We write it as Mrt- We have a diagram of 
strongly continuous smooth maps 

eVr-rt ■ Mrt Mr, CVt-rt ■ Mrt " > Mf. 

It is easy to see that evt-^rt is weakly submersive. 

We next make choices s^*, 5^^ for Mst and Mrs- It is easy to see that it 
determines a choice s''* for Mrt- 

Now we have: 

Lemma 12.15 (Composition formula). We have the following formula for each 
differential form h on Mr - 

{Mrt;eVr-rt,eVt:.rt,s''*%{h) 

(12.16) 

= {{Mst;eVs.^st,eVt;^st,s'' )* O {Mrs\eVr;rs,eVs.^^rs,s'^'')*){h)- 

Proof. Using a partition of unity it suffices to study locally on Mrs, Mst- In that 
case it suffices to consider the case of usual manifold, which is well-known. □ 

We finally discuss the signs in Lemmas 112. 131 and ll2. 151 It is rather cumbersome 
to fix appropriate sign convention and show those lemmata with sign. So, instead, 
we use the trick of subsection 8.10.3 }F0003j (= section 53.3 |F0002j ) (see also 
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section 13 |Fu3| ) to reduce the orientation problem to the case which is aheady 
discussed in Chapter 8 |F0003| (= Chapter 9 |F0002j 1. as follows. 

For generic w € , the space s~\ ^ (0) n ({ w} x C/j) is a smooth manifold. Hence 
the right hand side of (|12.8p can be regarded as an average of the correspondence 
by s^^ j (O) n {{w} X Ui) over w. We can also represent the smooth form h by an 
appropriate average (with respect to certain smooth measure) of a family of currents 
realized by smooth singular chains. So, as far as sign concerns, it suffices to consider 
a current realized by a smooth singular chain. Then the right hand side of p2.8p 
turn out to be a current realized by a smooth singular chain which is obtained 
from a smooth singular chain on Mg by a transversal smooth correspondence. In 
fact, we may assume that all the fiber products appearing here are transversal, 
since it suffices to discuss the sign at the generic point where the transversality 
holds. Thus the problem reduces to find a sign convention (and orientation) for 
correspondence of the singular chains by a smooth manifold. In the situation of our 
application, such sign convention (singular homology version) was determined and 
analyzed in detail in Chapter 8 |F0003j (= Chapter 9 |F0002j ). Especially the 
existence of an appropriate orientation that is consistent with the sign appearing 
in formulae etc. was proved there. Therefore we can prove that there is a sign 
(orientation) convention which induces all the formulae we need with sign, in our de 
Rham version, as well. See subsection 8.10.3 |F0003j (= section 53.3 jF0002p 
or section 13 [Fu3j for detail. 
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